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PREFACE. 



rpHE amount of time usually devoted to the study of 
-*• Geometry in High Schools and Academies is not 
suf^ient for the mastery of a lengthy treatise. The pres- 
ent edition of Greenleaf 's Elements of Geometry has 
been prepared to meet the wants of such institutions. It 
consists of all the more important theorems and problems 
of tbf science, and contains, therefore, all the Geometry 
required for admission into the best Scientific Schools and 
Colleges of the country. 

The arrangement and language of the "Elements" haying 
been commended by the best mathematical teachers, no 
change has been made in either, except as appeared abso- 
lutely necessary to adapt the same to the proper character 
of a briefer and more elementary work. This book is, then 
not wholly a new work; but a more compendious edition 
of a standard manual that has proved its excellence by 
standing the test of the school-room. 

The exercises which have been freely introduced are 
intended to test the thoroughness of the learner's geomet- 
rical knowledge, besides being especially adapted to develop 
skill and discrimination in the demonstration of theorems, 
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and in the Bolution of problems, nnaided except by definitions 
and principles. 

The Practical Applications, or Exercises in Mensuration, 
giv^n at the close of the volume, can be used at the dis- 
cretion of the teacher, after the completion of Book III., in 
connection with the text, to which they refer, as the pupil 
progresses. 

The course can be limited wholly to Plane Greometry by 
omitting all after Book IV. 

In general. Geometry follows Algebra in a Aill Mathe- 
matical Course ; but in a limited course, the first four books 
of this Manual may often be read with advantage by the 
Student, even before entering upon Higher Arithmetic, or 
Elementary Algebra. 

The larger work, known as Greenleaf's Elements of 
Geometry, especially adapted to the wants of Higher Semi- 
naries, and now extensively used in them, will continue 
to be published. 

It is proper to state that this volume has been prepared 
by H. B. Maglathlin, whose valuable labors have been 
before acknowledged in several books of the series. 

Boston, May, 1873. 
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BOOK I. 



GENERAL PRIITCIPLES. 

PRELIMINARY DEFINITIONS. 

1, G^eometry is the science of position and extension. 

The elements of position are direction and distance. 

The dimensions of extension are length, breadth, and thick- 



2. A Point is that which has position, without magnitade. 

. 3« A Line is that which has length, without either breadth 
or thickness. 

4. A Straight Line is one which 

has the same direction in its whole ex- A B 

tent ; as the line A B, 

The word line is frequently used to designate a straight line. 

5« A Cnnred Line is one which 
continually changes its direction; as G^^^ ""^-^^-D 

the line CZ>. 

The word curve is frequently used to designate a curved 
line. 

6. A Snr&ce is that which has length and breadth, with- 
out hight or thickness. 

7. A Plane Surface, or simply a Plane, is one in which 
any two points being taken, the straight line that joins them 
will lie wholly in the surface. 
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S« A Curved Snr&oe is one that is not a plane sur&ce, 
nor made up of plane surfiboes. 

9. A Solid, or Volume, is that which has length, breadth, 
and thickness. 

ANGLES AND LINES. 

10. An Angle is the difference in 
the direction of two lines, which meet 
at a point; as the angle A. 

The point of meeting, J., is the ver-' 
tex of the angle, and the lines ^ jB, il C are the sides of the 
angle. 

An angle may be designated, not 
only by the letter at its vertex, as (7, 
but when two or more angles have 
the same vertex, the letter at die ^ 
vertex always occupies the middle 
place; as the angle A D or D B. 

11. Two straight lines are said to be 
Perpendicular to. each other, when 
their meeting forms equal adjacent an- 
gles ; thus the lines A B and CD ture 
perpendicular to each other. 

Two adjacent angles, as CABaniBADj have a common 
vertex, as A; and a common side, na AB. 




O i 



C 



12« A Bight Angle is one which 
is formed by a straight line and a per- 
pendicular to it; as the angle CAB, 



13. An Acute Angle is one which 
is less than a right angle ; as the angle 
DBF. 
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An Obtuse Angle is one which is • 
greater than a right angle ; as the an- 
gle £FC?. 

F 

Acute and obtuse angles are sometimes called oblique angles, 

14. Parallel Lines are such as, A B 

J)eing in the same plane, cannot meet, 

however far 'either way both of them O 1) 

may be produced ; as the lines A B, C D. 

15. When a straight line, as 
E F, intersects two parallel lines,' 
ns AB, CD, the angles formed by 
the intersectmg or secant line take 
particular names, thus : — 

Interior Angles on the same 
Side are those which lie within 
the parallels, and on the same side 
of the secant line ; as the angles B G H, G HD, and also 
AGH, GHC. 

Alternate Interior Angles lie within the parallels, and 
on different sides of the secant line, but are not adjacent to 
each other; as the angles B GH, GHC, and also A GH^ 
GHD. 

Opposite Exterior and Interior Angles lie on the same 
side of the secant line, the one without and the other within 
the parallels, but not adjacent to each other; as the angles 
EGB, GHD, mi also E G A, GHC, are, respectively, 
the opposite exterior and interior angles. 

PLANE FIGURES. 

16. A Plane Figure is a plane terminated on all sides by 
straight lines or curves. -^' 

The boundary of any figure is called its perimeter. 
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17. A Polygon is a plane bounded hj 
Btndght lines ; as the figure ABODE. 

A polygon of three sides is called a ^ 
triangle; one of four sides, a quadrUcO- 
eraX; one of five, 9k pentagon; one of six, 
a heocajgon; one of seven, a heptagon; one 
of eight, an octagon; one of nine, a nona- A 
gon; one often, a decagon; one of eleven, an undecagon; one 
of twelve, a dodecagon; and so on. 

A polygcm which has equal sides and equal angles is called 
a regtUar polygon; and the equal sides and equal angles are 
called homologous sides and angles. 



18. An Equilateral Triangle is one 
which has its three sides equal; as the 
triangle ABC. 



An Isosceles Triangle is one which 
has two of its sides equal ; as the triangle 
DEF. 



A Scalene Triangle is one which has 
no two of its sides equal ; as the triangle 
GHI. 

19. A Bight-angled Triangle is one 
which has a right angle ; as the triangle 
JKL. 



The side opposite to the right angle is called iYL^hypoth" 
enuse; as the side J L, 

An Acute-angled Triangle is one which has three acute an- 
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gles. An OhttLse-angled Triangle is one which has an obtuse 
angle. Acute-angled and obtuse-angled triangles are also 
called Gblique'angled triangles. 

20. A Parallelogram is a quadrilateral which has its op- 
posite sides parallel. 

21. A Rectangle is any parallelo- 
gram whose angles are right angles; as 
the parallelogram A B C D. 



A Square is a rectangle whose sides 
are equal ; as the rectangle E F G H. 

22. A Hhomboid is any parallelo- 
gram whose angles are not right angles; 
as the parallelogram JJ K L, 

A Rhombus is a rhomboid whose 
sides are equal; as the rhomboid MN 
OP. 

23. A Trapezoid is a quadrilateral 
which has only two of its sides parallel ; 
as the quadrilateral R ST U, 

A Trapezium is a quadrilateral which 
has no two of its sides parallel ; as the 
quadrilateral V W X Y, 




W 







24. A Diagonal is a line joining the 
vertices of any two angles which are op- E 
posite to each other ; as the lines E C 
and E B in the polygon ABODE, 

A B 

25. A Base of a polygon is the side on which the polygon 
is supposed to stand. But in the case of the isosceles triangle, 
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it is usual to consider that side the base which is not equal to 
either of the other sides. 

AXIOMS. 

26. An Axiom is a self-evident truth ; such as, — 

1. Things which are equal to the same thing, are equal to 
each other. 

2. K equals be added to equals, the sums will be equal. 

8. If equals be taken from equals, the remainders will be 
equal. 

4. K equals be added to unequals, the sums will be un- 
equal. 

5. K equals be taken from unequals, the remainders will be 
unequal. 

6. Things which are double of the same thing, or of equal 
things, are equal to each other. 

7. Things which are halves of the same thing, or of equal 
things, are equal to each other. 

8. The whole is greater than any of its parts. 

9. The whole is equal to the sum of all its parts. 

10. A straight line is the shortest line that can be drawn 
fix)m one point to another. 

11. All right angles are equal to one another. 

12. Magnitudes which coincide throughout their whole ex- 
tent, are equal. 

POSTULATES. 

27. A I'osttilate is a self-evident problem ; such as, — 

1. That a straight line may be drawn from one point to 
another. 

2. That a straight line may be produced to any length. 

3. That a straight line may be drawn through a given point 
parallel to another straight line. 

4. That an angle may be described equal to any given 
angle. 
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PROPOSITIONS. 



28. A Theorem is something to be demonstrated. 

29. A Problem is something to be performed. 

30. A Demonstration is a course of reasoning bj which 
a truth becomes evident 

31. A Proposition is something proposed to be demon- 
strated, or to be performed. 

32. A Corollary is an obvious consequence deduced fiom 
one or more propositions. 

33* A Scholium is a remark made upon one or more pre- 
ceding propositions. 

34. An Hypothesis is a supposition, made either in the 
enunciation of a proposition, or in the course of a demonstra- 
tion. 

Theobem I. 

35. The adjacent angles which one straight line makes 
by meeting atiother straight line, are together equal to two 
right a?igles. 

Let the straight line D C meet E 

A B, making the adjacent angles 
A CD, DCB; these angles to- 
gether will be equal to two right 
angles. ^ 

From the point C suppose C E to O 

be drawn perpendicular to A B; then the angles ACE and 
ECB will each be a right angle (12). , The angle A Q D 
is composed of the right angle ACE and the angle E C D 
(26, 'Ax. 9); but this angle £' CD 9sA DCB compose the 
other right angle, ECB; hence the angles A CD, DCB 
together equal two right angles. 




B 
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14 ELBMBNTARY OBOMBTRY. 

36. Cor. 1. If one of the angles ACD, DCB is & right 
angle, the other must also be a right angle^ 

37. Cor, 2. All the successive 
angles, in the same plane, B A C^ 
OA D, DAE, EAF, formed at 
a single point, on the same side of 
u straight line, B F, are equal, 
when taken together, to two right B- 
ungles; for their sum is equal to 
that of the two adjacent angles, B A C, C A F. 

Theorem 1 1. 

38. If one straight line meets two other straight lines at 
a common pointy m^aking adjacent angles^ which together 
are equal to two right angles^ the two lines form, one and 
the same straight line. 

Let the straight line D C meet the 
two straight lines A C, C B at the 
common point C, making the adja- 
cent angles AC D^ D C B together 
equal to two right angles ; then the 
lines A C and CB will form one and 
the same straight line. 

If C 5 is not the straight line A C produced, let C J5? be 
that line produced; then the line ACE being straight, the 
sum of the angles AC D and D C E will be equal to two 
right angles (Theo. I.). But by hypothesis the angles ACD 
and D C B are together equal to two right angles ; therefore 
the sum of the angles ACD and D C E must be equal to the 
sum of the angles ACD and DCB (26, Ax. 2). Take 
away the common angle ACD from each, and there will re- 
main the angle DCB, equal to the angle D C E, & part to 
the whole, which is impossible ; therefore C E ia not the line 
A C produced. Hence A C and C B form one and the same 
straight line. 
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Theorem UL 

39. When two straight lines intersect each other^ the 
opposite or vertical angles which they form are equal. 

Let the two straight lines A B^ q 

CD intersect each other at the N. 

point E; then will the angle A E C . >v^ 

be equal to the angle DEB, and \^ 

tne angle C E B to A E D, \. 

For the angles A E C, C E B, D 

which the straight line C E forms by meeting the straight line 
A Bj are together equal to two right angles (Theo. I.) ; and 
the angles C E B\ BED, which the straight line B E forms 
by meeting the straight line C Z>, are equal to two right an- 
gles ; hence the sum of the angles A E C, C E B is equal to 
the sum of the angles C E B, BED (26, Ax. 1). Take 
away from each of these sums the common angle C E B, and 
there will remain the angle A E C, equal to its opposite angle, 
jBJS?Z?(26, Ax. 8). 

In the same manner it may be shown that the angle CE B 
is equal to its opposite angle, A E D. 

40. Cor. 1. The four angles formed by two straight lines 
intersecting each other, are together equal to four right an- 
gles. 

41. Cor, 2. All the- successive angles, in the same 
plane, around a common point, formed by any number of 
straight lines meeting at that point, are together equal to 
four right angles. 

Theorem IV. 

42. If two triangles have two sides and the included 
angle in the one equal to two sides and the included angle 
in the other, each to each, the two triangles will be equal. 

In the two triangles A B C, D E P, let the side ABhQ 
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equal to the side D E, 
the side ^ C to the side 
D F, and the angle A to 
the angle D; then the 

triangles ABC, DEF b^ ^O E^ 

will be equal. 

Conceive the triangle -4 jB C to be applied to the triangle 
D E F,BO that the side A B shall fell upon its equal, D £, 
the point A upon X>, and the point B upon E; then, since 
the angle A is equal to the angle i>, the side A C will take 
the direction D F. But -4 C is equal to D F; therefore the 
point C will fell upon F, and the third side B C will coincide 
with the third side E F (26, Ax. 10). Hence the triangle 
ABC coincides with triangle D E F, and they are therefore 
equal (26, Ax. 12). 

43. Cor, When, in two triangles, these three parts are 
equal, namely, the side A B equal to DE, the side A C equal 
to D F, and the angle A equal to Z), the other three corre- 
sponding parts are also equal, namely, the side B C equal to 
E JP, the angle B equal to E, and the angle C equal to F, 

Theorem V. 

44.* If two triangles have two angles and the included 
side in the one equal to two angles and the included side in 
the other, each to each, the two triangles will be equal. 

In the two triangles 
ABC, DEF, let the 
angle B be equal to the 
angle E, the angle C to 

the angle F, and the side ^^ ^O E^ 

JB C to the side E F; 

then the triangles ABC, DEF will be equal. 

Conceive the triangle J. J5 C to be applied to the triangle 
P E F, BO that the side B C shall fell upon its equal, E F, 
the point B upon E, and the point C upon F. Then, since 
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the angle B is equal to the angle E, the side B A will take 
the direction ED; therefore the point A will be found some- 
where in the line ED. In like manner, since the angle C is 
equal to the angle JP, the line CA will take the direction FD, 
and the point A will be found somewhere in the line FD. 
Hence the point A, &lling at the same time in both of the 
straight lines E D and i^ Z), must fall at their intersection D. 
Hence the two triangles ABC, D E F coincide with each 
other, and are therefore equal (26, Ax. 12). , 

45. Cor. When, in two triangles, these three parts are 
equal, namely, the angle B equal to the angle E, the angle C 
equal to the angle J^, and the side B C equal to the side E F, 
the other three corresponding parts are also equal ; namely, the 
side BA equal to E D, the side CA equal to i^Z), and the 
angle A equal to the angle D. 

Theorem VI. 

46* In an isosceles triangle, the angles opposite the eqtial 
sides are equal. 

Let ^ £ C be an isosceles triangle, in 
which the side A B is equal to the side A C; 
then will the angle B be equal to the an- 
gle a 

Conceive the angle £ ^ C to be bisected, 
or divided into two equal parts, by the 
straight line A Z>, making the angle BAD 
equal to D A C. Then the two triangles BAD, CAD 
have the two sides A B, AD and the included angle in the 
one equal to the two sides AC, AD and the included angle in 
the other, each to each ; hence the two triangles are equal, and 
the angle B is equal to the angle C (Theo. IV.). 

Theorem VII. 

47. If two angles of a triangle are equal, the opposite 
sides are also equal, and the triangle is isosceles. 

2» 
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Let ^ J3 C be ft triangle having the angle 
B equal to the angle C; then will ^e side 
-4 jB be equal to the side A C, 

For, if the two sides are not equal, one of 
them must be greater than the other. Let 
4 £ be the greater ; then take D B equal to 
A C the less, and draw CD. Now, in the -^ ^ 

two triangles D B C, A B C^ ife have D B equal to 4 C by 
construction, the side B C common, and the angle B equal to 
the angle ACBhj hypothesis ; therefore, since two sides and 
the included angle in the one are equal to two sides and the 
included angle in the other, each to each, the triangle D BC 
is equal to the triangle ABC (Theo, IV.)» a part equal 
to the whole, which is impossible (26, Ax. 8). Hence the 
sides A B and A C cannot be unequal ; therefore the tri- 
angle AB C i& isosceles. 

Theorem VIIL 

48. The greater side of any triangle is opposite the 
greater angle, 

Li the triangle CAB, let the angle C A 
be greater than B; then will the side A B, 
opposite to C, be greater than A C, oppo- 
site to B. 

Draw the straight line CD, making 
the angle BCD equal to B. Then, in 
the triangle B D C, we shall have the 
side B D equal to DC (Theo. VIL). To each add D A, and 
we have B D plus D A equal to D C plus DA; but D C 
plus DA is greater than A C (26, Ax. 10). Hence B D 
plus D A, or A B, is greater than A C 

49. Cor. 1. Therefore the shorter side is opposite to the 
less angle. 

50* Cor. 2. The greater angle is opposite to the greater 
side. For, if the angle C is not greater than B, it must be 
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equal to it or less, ff the angle C were equal to B^ then 
would the side -4 JB be equal to the side A C (Theo. VII.), 
^ich is contrary "to the hypothesis ; and if the angle C were 
less than B^ then would the side A BhQ less than A C, which 
is also contrary to the hypothesis. Hence, the angle C must 
be greater than B, 

51. Cor, 8. It follows, therefore, that the less angle is oppo- 
site to the shorter side. 

Theorem IX. 

52. Ifi from any point within a triangle^ two straight 
lines' are drawn to the extremities of either side, their sum 
will be less than that of the other two sides of the tri- 
angle. 

Let the two straight lines B O, C O A 

be drawn from the point O, within the 
triangle A B C, to the extremities of 
the side B C; then will the sum of the 
two lines B O and O C be less than the 
sum of the sides B A and A C. ^ 

Let the straight line JB O be pro- 
duced till it meets the side A C in the point D ; and be- 
cause one side of a triangle is less than the sum of the other 
two sides (26, Ax. 10), the side O C in the triangle CDO 
is less than the sum of O X> and D C. To each of these ine- 
qualities add B O, and we have the sum o{ B O and O C less 
than the sum of JB O, OZ>, and DC (26, Ax. 4) ; or the 
sum oi B O and O C less than the sum oi B D and D C, 
Again, because the side BD is less than the sum o{ BA and 
A X>, by adding Z> C to each, we have the sum oi B D and 
D C less than the sum oi BA and A C, But it has been just 
shown that the sum oi B O and O C is less than the sum of 
B D and D C; much more, then, is the sum oi BO and O C 
less than B A and A (7. 
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Theorem* X. 

53. Vt fr<>^ « point without a straight line^ a perpen- 
dicular be let fall on that line, and oblique lines be drawn 
to different points in the same line; — 

Ist. The perpendicular wHl be shorter than any oblique 
line. 

2d. Afiy two oblique lines, which meet the given line at 
equal distances from t^e perpendicular , will be equal. 

3d. Of any two oblique lines, that which meets the given 
line at the greater distance from the perpendicular will be 
the longer. 

Let ii be the given point, sudDE 
the given straight line. Draw A B 
perpendicular to D E, and the ob- 
lique lines A E, AC, AD. Pro- 
duce AB^\\BF\& equal to ^ JB, 
and join C F, DP. 

First. The triangle B C F is 
equal to the triangle B C A, for 
they have the side C B common, the side A B equal to the 
side B F, and the angle ABC equal to the angle F BC, 
both being right angles (Theo. I. Cor. 1) ; hence the third 
sides, CF and ^ C, are equal (Theo. V. Cor.). But ABF, 
being a straight line, is shorter than AC F, which is a broken 
line (26, Ax. 10) ; therefore A B, the half otABF, is shorter 
than A C, the half oi AC F; hence the perpendicular is 
shorter than any oblique line. 

Secondly. 1{ B E ia equal to BC, then, since AB is comr 
mon to the triangles AB E, A B C, and the angles ABE, 
AB C KTQ right angles, the two triangles are equal (Theo. 
IV.), and the side -4 -B is equal to the side A C (Theo. IV. 
Cor.). Hence the two oblique lines, meeting the given line at 
equal distances from the perpendicular, are equal. 
. Thirdly. The point C being in the triangle ADF, the 
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. sum of the lines A C, CF is less- than the sum of the sides 
AD, DF (26, Ax. 10). -^^But ^4 C has been shown to be 
equal to CF; and in like manner it may be shown that A D 
is equal to Z>F. Therefore A C, the half of the line ^4 CF, 
is shorter than A D, the half of the line A D F; hence the 
oblique line which meets the given line the greater distance 
from the perpendicular, is the longer. 

54« Cor, 1. The perpendicular measures the shortest dis- 
tance of any point fix)m a straight fine ; and, also, fit)m the 
same point to a given straight line only two equal straight lines 
can be drawn. 

5£u Cor- 2. K a straight line have two points equally dis- 
tant from the extremities of another straight line, it will be 
perpendicular to that line at its middle part. 

Theobem XI. 

56. 1/ two triangles have two sides of the one equal to 
two sides of the other, each to each, and the included angle 
of the one greater than the hicluded angle of the other, the 
third side of that which has the greater angle will be 
greater than the third side of the other. 

Let ABC, DBF 

be two triangles, hav- 
ing the side A B equal 
toDE, and-4 C equal 
to DF, and the angle 

A gifeater than D; B ^ ^ O eL 

then will the side BC 
be greater than EF, 

Of the two sides D E, D F, let D F he the side which is 
not shorter than the other ; make the angle E D G equal to 
B AC; and make D G equal to A C or D F, and join E G, 
GF. 

Since D F, or its equal JO G^, is not shorter than D E, it 
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18 longer than D H (Theo. X. Case 8) ; therefore its extrem- 
ity, F^ must fall below the line E G. The two triangles, 
ABC and D E G, have the two sides A B, AC equal to 
the two sides D E^ DG, each to each, and the included angle 
B AC o{ the one equal to the included angle E D G o{ the 
other ; hence the side BCis equal U> E G (Theo. IV. Cor.). 

Li the triangle DF G, since D G is equal to D F, the 
ungle DFG is equal to the angle DGF (Theo. VI.) ; but 
the angle D G F \& greater than the angle E G F; therefore 
the angle D F G ]& greater than E G F, and much more is 
the angle E FG greater than the angle E G F. Because 
the angle E F G in the triangle E F G ia greater than 
E G F, and because the greater side is opposite the greater 
angle (Theo. VIII.), the side E G is greater than EF; and 
E G has been shown to be equal to B C; hence BC is greater 
than E F. 

Theorem XII. 

57. If two triangles have two sides of the one equal to 
two sides of the other ^ each to each^ but the third side of 
the one greater than the third side of the other ^ the angle 
contained by the sides of that which has the greater third 
side will be greater than the angle contained by the sides 
of the other, 

Let^jBC, DEFhe 
two* triangles, the side A B 
equal to DE, and A C 
equal to D -P, and the side 
CB greater than E F, 

then will the angle A be ^ X jp/ 

greater than D. 

For, if it be not greater, 
it must either be equal to it or less. But the angle A cannot 
be equal to Z>, for then the side B C would be equal io E F 
(Theo. IV. Cor.), which is contrary to the hypothesis; neither 
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can it be less, for then the side B C would be less than E F 
(Theo. XI.), which also is contrary to the hypothesis ; there- 
fore the angle A is not less than the angle Z>, and it has been 
shown that is not equal to it; hence the angle A must be 
greater than the angle D. 

Theorem XTTL 

68. If two triangles have the three sides of the one 
equal to the three sides of the other, each to each, the trif 
angles themselves will be equal. 

Let the triangles ABC, 
DBF have the side A B 
equal ioDE,AC\o DF, 
BXiABCto EF; then will 
the angle A be equal to Z>, 
the angle B to the angle E, 

and the angle C to the angle F, and the two triangles will 
also be equal. 

For, if the angle A were greater than the angle Z>, since 
the sides A B, A C sre equal to the sides DE, D F, each to 
each, the side B C would be greater than E F (Theo. XI.) ; 
and if the angle A were less than Z>, it would follow that the 
side^ B C would be less than E F. But by hypothesis JB C is 
equal to E F; hence the angle A can neither be greater nor 
less than D; therefore it must be equal to it. In the same 
manner, it may be shown that the angle B is equal to E, and 
the angle C to F; hence the two triangles must be equal. 

59. Scholium, In two triangles equal to each other, tne 
equal angles are opposite the equal sides ; thus the equal an- 
gles A and D are opposite the equal sides B C and E F. 

Theorem XTV. 

60* If two right-angled triangles have the hypothenuse 
and a side of the one equal to the hypothenuse and a side 
of the other, each to each, the tfnangles are equal. 
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Let the two right-angled 
tmngles ABC, D E F, 
have the hypothennse A C 
equal io D F, and the side 
^ fi equal to />£; then will 
the triangle ABChe equal 
to the triangle DBF. 

The two triangles are evidently equal, if the sides B C and 
E F Bxe equal (Theo. XIIL). if it be possible^ let these 
sides be unequal, and let A _ D 

£ C be the greater. Take 
B G equal to EF, the less 
side, and join A Q. Then, 
in the two triangles ABG, 
DEFj the angles jB and £ 
are equal, both bemg right ^ 
angles, the side AB ia equal io DE hj hypothesis, and the 
side B G to E F hj construction ; hence these triangles are 
equal (Theo. IV.) ; and therefore AGia equal to D F. But 
by hypothesis Z> i^ is equal to -4 C, and therefore AG ia equal 
to ^ C. But the oblique line A C cannot be equal to -4 6r, 
which meets the same straight line nearer the perpendicular 
A B (Theo. X.) ; therefore B C eaii E F cannot be unequal, 
hence they must be equal; therefore the triangles ABC and 
DEF are equal. 

Theorem XV. 

61. If ^ straight line, intersecting two other straight 
lines, makes the alternate angles equal, the two lines are 
parallel. 

Let the straight line EF 
intersect the two straight 
lines AB, CD, making the 
alternate angles B G H, 
CHG equal; then the lines 
AB, CZJ^m be parallel. 
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For, if the lines A B, C D are not parallel, let them meet 
in some point K, and through O, the middle ]y>int of Gr Hj 
draw th§ straight line IK, making lO equal to OK, and 
join HI. Then the opposite angles K O G, I O H, formed 
by the intersection of the two straight lines IK, G H, are 
equal (Theo. III.); and the triangles KOG, I OH have 
the two sides K O, O G and the included angle in the one 
equal to the two sides 10, OH and tl^e included angle in the 
other, each to each ; hence the angle K G O i& equal to the 
angle I H O (Theo. IV. Cor.). But, by hypothesis, the an- 
gle iiC G O is equal to the angle C H O, therefore the angle 
I HO is equal io C H O, so that HI and H C must coin- 
cide; that is, the line CD when produced meets IK in two 
points, /, K, and yet does not form one and the same straight 
line, which is impossible (4) ; therefore the lines A B, C D 
cannot meet, consequently they are parallel (Art. 14). 

Theorem XVI. 

62. If CL straight line, intersecting two other straight 
lines, makes a?iy exterior angle equal to the interior and 
opposite angle, or makes the inteinor angles on the same 
side together equal to two right angles, the two lines are 
parallel. 

Let the straight line E P intersect 
the two straight lines A B, CD, 
making the exterior angle E G B 
equal to the interior and opposite an- 
gle GHD; then the lines AB, CD 
are parallel. 

For the angle A G H \% equal to 
the angle EGB (Theo. III.) ; and F 

EGB .is equal to GHD, by hypothesis; therefore the 
angle A G H is equal to the angle GHD; and they are 
alternate angles ; hence the lines A B, CD are parallel 
(Theo. XV.). 
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Again, let the interior angles on the same side, BG H^ 
G HD^he together equal to two right angles ; then the lines 
A B, CD zxQ parallel. 

For the sum of the angles B G H, G HD is equal to two 
right angles, by hypothesis ; an^ the sum o{ A G H, B G H 
is also equal to two right angles (Theo. I.) ; take away 
B GH, which is common to both, and there remains the angle 
G HD, equal to the angle A G H; and these are alternate 
angles ; hence the lines A B, C D sire parallel. 

63. Cor, If two straight lines are perpendicular to an- 
other^ they are parallel. 

Theorem XVIL 

64. J[f « straight line intersects two parallel lines, it 
makes the alternate angles equal; also any exterior angle 
equal to the interior afid opposite angle; and the two inte- 
rior angles upon the same side together equal to two right 
angles. 

Let the straight line EF inter- 
sect the parallel lines -4 £, CD; the 
alternate angles AG H, G HD 2LTe 
equal ; the exterior angle E G B \& 
equal to the interior and opposite 
angle G H D; and the two interior 
angles BGH, G HD upon the same 
side are together equal to two right 
angles. 

For if the angle A G H ia not equal to G HD, draw the 
straight line KL through the point G, making the angle 
KGH equal to GHD; then, since the alternate angles 
GHD, KGH are equal, K L i& parallel to CD (Theo. 
XV.) ; but by hypothesis ^ ^ is also parallel U> C D, so that 
through the same point, G, two straight lines are drawn par- 
allel to C D, which is impossible. Hence the angles AG H, 
GHD are not unequal ; that is, they are equal. 
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Now, the angle E OB is equal to the angle AG H (Theo. 
IV.), and AG H has been shown to be equal to G H D; 
hence E G B is also equal to G H D. 

Again, add to each of these equals the angle B G H; then 
the sum of the angles E G B, B G H ia equal to the sum of 
the angles B G H, G H D. But E G B, B G H are equal 
to two right angles (Theo. I.) ; hence B G H, G HD are 
also equal to two right angles. 

65. Cor, If a line is perpendicular to one of two parallel 
lines, it is perpendicular to the other. 

Theorem XVm. 

66. If two aiigles have their sides parallel^ each to 
each^ and lying in the same direction^ the two angles are 
equal. 




Let A B C, DEF he Uo ang 
which have the side A B parallel to 
DEjQXiiBC parallel to E P; then 
these angles are equal. 

For produce D JS, if necessary, till 
it meets BC in the point G, Then, 
since E F is parallel to G C, the 

angle D E F is equal to D G C (Theo. XVII.) ; and since 
D G is parallel to A B, the angle D G Cis equal to ABC; 
hence the angle D E F is equal to ^ JS C 

67. Scholium, This proposition is restricted to the case 
where the side E F lies in the same direction with B C, since 
i{ F E were produced toward H, the angles D E H, ABC 
would only be equal when they are right angles. 

Theorem XIX. 

68. In every triangle the sum of the three angles is 
equal to two right angles. 
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Let ABChe anj triangle ; 
then will the sum of the angles 
ABC, EC A, C^jB be equal 
to two right angles. 

For, draw E C parallel to the 
side A B; then, since A C meets 
the two parallels A Bj E Cy the alternate angles B AC, 
ACEkcq equal (Theo. XVn.). 

Again, let the side jB C be produced toward D, and since 
B D meets two parallels AB, EC, the exterior angle E CD 
is equal to the interior and opposite angle A B C But the 
angle AC E lA equal to B A C; therefore, the whole exterior 
angle A C D ia equal to the two interior and opposite angles 
CAB, ABC {26, Ax. 2). 

Add now to each of the equals CAB and ABC the angle 
AC B, and we shall have the sum of A C B and A C D, 
equal to the sum of ABC, BC A, and CAB, But the 
sum ot A C B and A C D is equal to two right angles (Theo. 
I.) ; hence the sum of the three angles ABC, B C A, and 
C A B is equal to two right angles (26, Ax. 2). 

69. Cor. 1. Two angles of a triangle being given, or 
merely their sum, the third will be found by subtracting that 
sum from two right angles. 

70. Cor. 2. If two angles in one triangle be respectively 
equal to two angles in another, their third angles will also be 
equal. 

71. Cor. 8. A triangle cannot have more than one angle 
as great as a right angle. 

72. Cor. 4. if any side of a triangle be produced, the ex- 
terior angle is equal to the sum of the two interior and oppo- 
site angles. 

Theorem XX. 

7 J. The sum of all the interior angles of any polygon 
is equal to twice as many right atigles, less four, as the 
figure has sides. 
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Lef ABODE be any polygon ; then 
the sum of all its interior angles, A^ B, C, 
D, JS, is equal to twice as many right 
angles as the figure has sides, less four right 
angles. 

For, from any point P within the poly- 
gon, draw the straight lines P A, P B, P C, P D, P E, to 
the vertices of all the angles, and the polygon will be divided 
into as many triangles as it has sides. Now, the sum of the 
three angles in each of these triangles is equal to two right 
angles (Theo. XIX.) ; therefore the sum of the angles of all 
these triangles is equal to twice as many right angles. as there 
are triangles, or sides, to the polygon* But the sum of all the 
angles about the point P is equal to four right angles (Theo. 
III. Cor. 2), which sum forms no part of the interior angles of 
the polygon ; therefore, deducting the sum of the angles about 
the point, there remain the angles of the polygon equal to 
twice as many right angles as the figure has sides, less four 
right angles. 

74. Cor, 1. The sum of the angles in a quadrilateral is 
equal to four right angles ; hence, if all the angles of a quadri- 
lateral are equal, each of them is a right angle ; also, if three 
of the angles are right angles, the fourth is likewise a right 
angle. 

75. Cor. 2. The sum of the angles in ^pentagon is equal 
to six right angles ; in a hexagon^ the sum is equal to eight 
right angles, &c. 

76. Cor. 8. In every equiangular figure of more than 
four sides, each angle is greater than a right angle ; thus, in a 
regular pentagon^ each angle is equal to one and one fifth 
right angles ; in a regular hexagon^ to one and one third right 
angles, &c. 

77. Scholium. This theorem is limited to convex polygons, 
or such as have their angles directed outwards ; and, in gen- 
eral, by polygons, will be meant convex polygons. 

3* 
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Theorem XXL 

78, The sum of all the exterior angles of any polygon 
formed by producing each side in the sam^ direction is 
equal to four right angles. 

Let each side of the polygon AB C D E 
be produced in the same direction ; then the 
sum of the exterior angles A^ jB, C, X>, JS, 
will be equal to four right angles. 

For each interior angle, together with its 
adjacent exterior angle, is equal to two right 
angles (Theo. L) ; hence the sum of all the angles, both inte- 
rior and exterior, is equal to twice as many right angles as 
there are sides to the polygon. But the sum of the interior 
angles alone, is equal to the same sum, less four right 
angles (Theo. XX.) ; therefore the sum of the exterior 
angles is equal to four right angles. 

Theorem XXn. 

79. The opposite sides and angles of every parallelo^ 
gram are equal to each other. 

Let ^ jB C 2? be a parallelogram ; then 
the opposite sides and angles are equal to 
each other. 

Draw the diagonal BD^ then, since 

the opposite sides ^ jB, Z> C are parallel, -^ ^ 

and B D meets them, the alternate angles ABD^ B D C are 
equal (Theo. XVII.) ; and since ^ 2?, jB C are parallel, and 
BD meets them, the alternate angles A D B, DBC are 
likewise equal. Hence the two triangles ADB^D BC have 
two angles, J B D^ A D B/m the one, equal to two angles, 
BDC, DBC, in the other, each to each; and smce the side 
B D included between these equal angles is common to the two 
triangles, they are equal (Theo. V.) , hence the side A B 
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opposite the angle A D B is equal to the side D C opposite 
the angle D B C (Theo. V. Cor.) ; and, in like manner, the 
side AD is equal to the side B C; hence the opposite sides of 
a parallelogram are equal. 

Again, since the triangles are equal, the angle A is equal to 
the angle C (Theo. V. Cor.) ; and since the two angles D BC^ 
ABD dixe respectively equal to the two angles ADB, BD Cy 
the angle A B C is equal to the angle ADC. 

SO. Cor, 1. The diagonal divides a parallelogram into two 
equal triangles. 

81. Cor. 2. The two parallels AD, BC, included between 
two other parallels, AB, CD, Bre equal. 

TnEOREM XXIII. 

82. If the opposite sides of a quadrilateral are equal, 
each to ea^h, the equal sides are parallel, and the figure is 
a parallelogram. 

Let ABCDhQH quadrilateral hav- D G 

ing its opposite sides equal; then will /\ 7 

the equal sides be parallel, and the fig- / '"\ / 
ure be a parallelogram. Z X/ 

For, having drawn the diagonal BD, ^ ^ 

the triangles ABD, BD C have all the sides of the one 
equal to the corresponding sides of the other ; therefore they 
are equal, and the angle AD B opposite the side ^ jB is equal 
to DBC opposite CD (Theo. XIIL Sch.) ; hence the side 
^Z> is parallel to jB C (Theo. XV.). For a like reason, 
AB is parallel to C D; therefore the quadrilateral AB CD 
is a parallelogram. 

Theorem XXIV. 

83 • If two opposite sides of a quadrilateral are equal 
and parallel, the other sides are also equal and parallel^ 
and the figure is a parallelogram. 
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Let AB CDheti quadrilateral, hav- 
ing the sides AB, CD equal and par- 
allel ; then will the other sides also be 
equal and parallel. ^ 

Draw the diagonal B D; then, since 
A B k parallel U> CD, and BD meets them,- the alternate 
angles ABD, BDC are equal (Theo. XVII.); moreover 
in the two triangles ABD, DBC, the side B D is common • 
therefore, two sides and the included angle in the one are equal 
to two sides and the included angle in the other, each to each • 
hence these triangles are equal (Theo. IV.), and the side A D 
is equal io B C Hence the angle AD B\a equal to D B C 
and consequently ^ Z> is parallel to BC (Theo. XV.) ; there- 
fore the figure AB CD is u. parallelogram. 

Theorem XXV. 

84. The diagonals of every parallelogram bisect each 
other, or divide each other into equal parts. 

Let A B CD be a parallelogram, and 
AC, D B its diagonals, intersecting at 
E; then will A E equal EC, ond BE 
equal E D, 

For, since A B, CD are parallel, and ^ 
BD meets them, the alternate angles C D E, ABE are 
equal (Theo. XVII.) ; and since A C meets the same parallels, 
the alternate angles BAE, E CD sre also equal; and the 
sides* JIB, CD are equal (Theo. XXII.). Hence the triangles 
ABE, CDE have two angles and the included side in the 
one equal to two angles and the included side in the other, each 
to each ; hence the two triangles are equal (Theo. V.) ; there- 
fore the side A E opposite the angle ABE ia equal to C J5? 
opposite CDE; hence, also, the sides B E, D E opposite 
the other equal angles are equal. 

85* Scholium. In the case of a rhombus, the sides A B, 
B C being equal, the triangles AEB, EBC have all the 
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sides of the one equal to the corresponding 
sides of the other, and are, therefore, equal ; 
whence it follows that the angles A E B, 
BE C Bxe equal. Therefore the diigonals of 
a rhombus bisect each other at right angles. 



EXERCISES 
FOR ORIGINAL THOUGHT, ON REVIEW. 

86* 1. If the opposite angles formed by four lines meeting 
at a point are equal, these lines form but two straight lines. 

2. If the equal sides of an isosceles triangle are produced, 
the two exterior angles formed with the base will be equal. 

3. The line bisecting the vertical angle of an isosceles trian- 
gle bisects the base at right angles. 

4. Every equilateral triangle is also equiangular. 

5. Any side of a triangle is less than the sum of the other 
two. 

6. The difference between any two sides of a triangle is less 
than the other side. 

7. The side in a right-angled triangle opposite the right an- 
gle is the longest. 

8. In every equilateral triangle each of the angles will be 
equal to two-thirds of one right angle. 

9. Straight lines which are parallel to the same liiie are 
parallel to each other. 

10. Lines joining the corresponding extremities of two equal 
and parallel straight lines, are themselves equal and parallel, 
and the figure formed is a parallelogram. 

11. K, in the sides of a square, at equal distances from the 
four angles, points be taken, one in each side, the straight lines 
joining these points will form a square. 

12. If fit)m the middle point of a straight 
line a perpendicular be drawn, any point in 
the perpendicular will be equally distant 
from the extremities of the line. 
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RATIO AND PROPORTION. 

DEFINITIONS. 

87. Hatio is the relation, in respect to quantity, which 
one magnitude bears to another of the same kind ; and is the 
quotient arising from dividing the first by the second. 

88. A ratio may be written in the form of a fraction or 
with the sign : . 

Thus the ratio of -4 to B may be expressed either by — , or 
hjAiB. ^ 

89. The two magnitudes necessary to form a ratio are 
called the Terms of the ratio. The first term is called the 
Antecedent, and the last, the Consequent. 

Ratios of magnitudes may be expressed by numbers either 
exactly, or approximately. 

90. When the greater of two magnitudes contains the less 
a certain number of times without having a remainder it is 
called a Multiple of the less ; and the less is then caUed a 
Submultiple, or measure of the greater. 

. Thus, 6 is a multiple of 2 ; 2 and 3 are submultiples, or 
measures, of 6. 

91. Equimultiples, or like multiples, are those which 
contain their respective submultiples the same number of times- 
and Equisubmultiples, or like s^ibmuUiples, are those 
contained in their respective multiples the same number of 
times. 

Thus 4 and 5 are like submultiples of 8 and 10 ; 8 and 10 
are Vke multiples of 4 and 5. 
3f agmtudes of the same kind which have a common measure 
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are said to be cormnensurable ; and those which have no com- 
mon measure are said to be incommensurable. 

92. .A Direct Ratio is the quotient of the antecedent by 
the consequent ; an Inverse Ratio, or Reciprocal Ratio, is 
thequotient of the consequent by the antecedent, or the recip- 
rocal of the direct ratio. 

Thus the direct ratio of a line 6 feet long to a line 2 feet 
long is J or 8 ; and the inverse ratio of a line 6 feet long to a 
line 2 feet long is f or i, which is the same as the reciprocal 
of 3, the direct ratio of 6 to 2. 

The word ratio when used alone means the direct ratio. 

93. A Compound Ratio is the product of two or more 
ratios. 

A G 
Thus the ratio compounded ot A : B and C : D ia-^Xj^ 

94. A Proportion is an equality of ratios. 

Four magnitudes are in proportion, when the ratio of the 
Jirst to the second is the same as that of the third to the 
fourth. 

Thus, the ratios o{ A : B and X : Y, being equal to each 

A X 
other, when written A : B= X : Y, or -= = ^, form a pro- 
portion. 

95. Proportion is written not only with the sign =, but, 
more often, with the sign : : between the ratios. 

Thus, A : B : : X : Y, expresses a proportion, and is read. 
The ratio of -4 to -B is equal to the ratio of X to Y; or, A is 
to J? as X'is to Y. 

96. The^r*^ and third terms of a proportion are called the 
Antecedents; the second and fourth^ the Consequents. 
The first and fourth are also called the Extremes, and the 
second and third the Means. 

Thus, in the proportion A\B\\C\\D^A and C are the 
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uitecedents ; B and C are the consequents ; A and D are the 
extremes ; and B and C are the means. 

The antecedents are called homologous or like terms, and so 
also are the consequents. 

9 7 • All the terms of a proportion are called Proportionals ; 
and the last term is called a fourth proportional to the other 
three taken in their order. 

Thus, in the proportion A : B : : C : D, i> is the fourth 
proportional to A, B, and C. 

98. When both the means are the same magnitude, either 
of them is called a mean proportional between the extremes; 
and if, in a series of proportional magnitudes, each consequent 
is the same as the next antecedent, those magnitudes are said 
to be in continued proportion. 

Thus, if we have A : B : : B : C : : C: D : : D : E, B 
is a mean proportional between A and C, C between B and Z>, 
D between C and E; and the magnitudes A, jB, C, />, E 
are said to be in continued proportion. 

99. When a continued proportion consists of but three 
terms, the middle term is said to be a m^an proportional 
between the other two; and the last term is said to be the 
third proportional to the first and second. 

Thus, when A, B, and C are in proportion. A: B :: B: C; 
in which case B is called a mean proportional between A and 
C; and C is called the third proportional to A and jB. 

100. Magnitudes are in proportion by Inversion, or in- 
versely, when each antecedent takes the place of its conse- 
quent, and each consequent the place of its antecedent. 

Thus, let A : B : : C : D; then, by inversion, 
B:A::D:C, 

101. Magnitudes are in proportion by Alternation, or al- 
temately, when antecedent is compared with aptecedent^ and 
consequent with consequent. 
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Thus, let A : B : : D : C; then, by alternation, 
AiDi' B: a 

102. Magnitudes are in proportion by Composition, when 
the sum of the first antecedent and consequent is to the first 
antecedent, or consequent, as the sum of the second antecedent 
and consequent is to the second antecedent, or consequent. 

Thus, let ^ : i? : : C : D; then, by composition, 

A + B : A :: C + D : C, or A + B : B :: C + D : D. 

103. Magnitudes are' in proportion by Division, when the 
difference of the first antecedent and consequent is to the first 
antecedent, or consequent, as the difference of the second ante- 
cedent and consequent is to the second antecedent, or coDse- 
quent 

Thus, let A : B : : C : D; then, by division, 
A — B :A:: C—D : C, or A — B :B:: C—D : D. 

Theorem I. 

104. If four magnitudes are in proportion^ the product 
of the two extremes is equal to the product of the two 
means. 

JjetA:B::C:D; then will A X B = B X C. 
For, since the magnitudes are in proportion, 

A_q 

and reducing the fractions of this equation to a common denom- 
inator, we have 

AXD _.BXO 

BXD'^ BXI>' 
or, Ihe common denominator being omitted, 

AxDzziBxC. 

Theorem II. 

105. If the product of two magnitudes is equal to the 
product of two others, these four magnitudes form a pro^ 
portion. 
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Lei AXD=:BXC; then mil A : B : : C : D. 

For, dividing each member of the given equation by JB X Z>, 
we have 

AXD _ BXC 
BXD'^ BXD' 
which, reduced to the lowest terms, gives 

A_G 
B'^D' 
Whence A: B::C:D. 

Theorem UL 

106. If the product of any two quantities is equal to 
the square of a third, the third is a mean proportioned 
between the other two. 

Let A X C =^ B^; then B is a mean proportional between 
A and C. 

For, dividing each member of the given equation by B X C, 
we have 

A_B 

whence A : B : : B : C. 

Theorem IV. 

107. If four magnitudes are in proportion, they vnU be 
in proportion when taken inversely. 

Let A: B::C: D; then will BiAiiDiC. 
For, from the given proportion, by Theo. I., we have 
AXD= BXC, or BXC = AXD. 
Hence, by Theo. IL, 

B:A::D:C. 

Theorem V. 

108* If four m^ignitudes are in proportion^ they vnll be 
in proportion when taken alternately. 
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IietA:B::C:D; then mil A : C : : B : D. 

For, since the magnitudes are in proportion, 

A_C^ 
B^ D' 

and multiplying each member of this equation by ^, we haye 



Ayj^ __ CXB 
BXV^ JJXC 
which, ireduced to ^ie lowest terms, giyes 

A_B 

whence A : C : : B : D. 

» 

Theorem VL 

109. If four magnitudes are in proportion^ they will be 
in proportion by composition. 

LetA:B::C: D; then wilA A + B : A : : C+D i C. 
For, from the given proportion, by Theo. L, we haye 
BXC=AXD. 
Adding -4 X C to each side of this equation, we haye 

^X C+BxC = AxC + AxD, 
and resolving each member into its factors, 

{A + B)xC={C + D)XA. 
Hence, by Theo. 11., 

A + B:A: : C + D.C. 

Theorem vn. 

110. If four magnitudes are in proportion^ they will be 
in proportion by division. 

Let A: B::C : D; then will A — B : A: : C—D : C. 
For, from the given proportion, by Theo. I., we have 

BxC=zAxD. 
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Subtracting each side of this equation from AXC^ wo 
have 

AxC — BxC=AxC—AxDj 

and resolving each member into its factors, 

{A — B)X C={C — D)XA. 
Hence, by Theo. 11., 

A — B:A::C—D:a 

Theorem Vin. 

111. Equimultiples of two magnitudes have the same 
ratio as the magnitudes themselves. 

Let A and B be two magnitudes, and mxA and mX B 
tKeir equimultiples, then will m x ^ * ^ X B : : A : B, 
For AxB = BXA. 

Multiplying each side of this equation by any number, m, 
we have 

mXAxB = mXBxA; 
therefore 

(mXA)xB = (mXB)xA. 

Hence, by Theo. l(,, 

mxA:mXB::A:B. 

Theorem IX. 

112 • Magnitudes which are proportional to the sams 
proportionals^ will he proportional to each other. 

Let A : B : : E : F, B.nd C : D : : E : F; then will 
A:B::C:D. 

For, by the given proportions, we have 
A E .C E 

Therefore, it is evident (26, Ax. 1), 

A_C 

Hence A : B : : C : D. 
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US. Cor- 1. If two proportions have an antecedent rjid its 
consequent the same in both, the remaining terms will be in 
proportion. 

114. Cor. 2. Therefore, by alternation (Theo. V.), if two 
proportions have the two antecedents or the two consequents 
the same in both, the remaining terms will be in proportion. 

Theorem X. 

115 • If (^'^y number of magnitudes are ^proportional^ 
a'B.y antecedent is to its consequent as the sum of all the 
antecedents is to the sum, of all the consequents. 

Let A: B:: C: D: : E: F; then will 

A:B: : A+ C+ E : B-^-D + F. 
For, from the given proportion, we have 

AXD=:BXC, BJid AxF- BxE. 

By adding Ax B to the sum of the corresponding sides of 
these equations, we have 

AxB-^AxD + AxF=zAxB+JBxC + BxE. 

Therefore, 

A X {B + D + F) = Bx (A+C+E). 
Hence, by Theo. 11., 

A:B::A+C+E;B-\^D + F. 

Theorem XL 

116. If there be two sets of proportional m^gnitudes^ 
the products of the corresponding terms will be propor- 
tionals. 

Let A : B : : C : D, mi E : F: : G : H; then will 
Ax E . B X F : : C X G : D X H. 

For, from the first of the given proportions, by Theo. I., we 

AxD^BxC; 

4* • ' 



Digitized by 



Google 



42 ELEMENTARY GEOMETRY. 

and from the second of the given proportionSi bj Theo. I., we 
have 

EXlI=FxG. 

Multiplying together the corresponding members of these 
equations, we have 

A XDXEXH= BX C X F X G. 
Hence, by Theo. U., 

A X F : B X F : : C X G : D X H. 

Theorem XU. 

117, If four jnagnittides are proportionals^ their like 
powers and roots will also he proportional. 

Let A: B::C: D; then will 

A" : B" : : C" : D\ Bui Al : Bi : : d : Di. 

, For, from the given proportion, we have 

A_C 

B" D' 
Raising both members of this equation to the nth -power, we 
have 

!?• "" />»' 
and extracting the nth root of each member, we have 

Hence, by Theo. H., the last two equations give 

^* : £• : : C* : D% 
and 

Ai:Bi::Ci: Dl 

EXERCISES 
FOR ORIGINAL THOUGHT, ON REVIEW. 

118, 1. If three magnitudes are in proportion, the pro- 
duct of the two extremes is equal to the square of the mean. 
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2. If four magnitudes are proportionals, the first and sec- 
ond may be multiplied or divided by the same magnitude, and 
also the third and fourth by the same magnitude, and the re- 
sulting magnitudes will be proportionals. 

8. If four magnitudes are proportionals, the first and third 
may be multiplied or divided by the same magnitude, and also 
the second and fourth by the same magnitude, and the result- 
ing magnitudes will be proportionals. 

4. If tHere be two sets of proportional magnitudes, the quo- 
tiuits of the corresponding terms will be proportionals. 
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THE CIRCLE, AND THE MEASURE OP ANGLES. 

DEFINITIONa 

119. A Circle is a plane figure 
bounded by a cuired line, all the 
points of which are equally distant 
from a point within called the center ; 
as the figure A D B E. 

120. The Circtimference or periphery of a circle is its 
entire bounding line ; or it is a curved line, all points of which 
are equally distant from a point within called the center. 

12L A Radius of a circle is any straight line drawn from 
the center to the circumference; as the line C A, CD, or 
CB. 

122* A Diameter of a circle is any straight line drawn 
through the center and terminating in botib directions in the 
circumference ; as the line A B, 

123. All the radii of a circle are equal ; all the diameters 
are also equal, and each is double the radius. 

D 

124. An Arc of a circle is any part 
of the circumference ; as the part 
AD, A E, or E GF, 

125. The Chord of an arc is the 
straight line joining its extremities; 
thus E F ia the chord of the arc 
EGF. 
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126. The Segment of a circle is 
the part of a circle included between 
an arc and its chord; as the sur&ce in- 
cluded between the axcE G^ and the 
chord E F. 

127* The Sector of a circle is the 
part of a circle included between an 
arc, and the two radii drawn to the extremities of the arc ; as 
the sur&ce included between the arc ii Z>, and the two radii 
CA, CD. 

128. A Secant to a circle is a 
straight line which cuts the circum- 
ference in two points, and lies partly 
within and partly without the circle ; 
as the line A B. ~ 

129« A Tangent to a circle is a straight line which, how 
fer so ever produced, meets the circumference in but one point; 
as the line C D. The point of meeting is called the point 
of contact ; as the point M. 

130. Two circumferences touch 
each other, when they have a point 
of contact without Cutting one an- 
other ; thus two circumferences touch 
each other at the point A, and two at 
the point B. 

131. A straight line is inscribed 
in a circle when its extremities are in 
the circumference; as the line AB, or 
BC. 

132. An Inscribed Angle is one which has its vertex in 
the circumference, and is formed by two chords ; as the angle 
ABC. 
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133. An Inscribed Polygon is one 

which has the vertices of all its angles 
in the circumference of the circle; as 
the triangle ABC. 

134* The circle is then said to be 
circumscribed about the polygon. 

135. A Polygon is circumscribed 
about a circle when all its sides are tan- 
gents to the circumference ; as the poly- 
gon ^fiCi^^F. 

136. The circle is then said to be 
inscribed in the polygon. 

Theorem I. 

137. Every diameter divides the circle and its cireumr- 
ference each into two equal parts. 

Let A E B F be a circle, and A B 
a diameter ; then the two parts AEB, 
^i^-B are equal. 

For, if the figure ^ JS JB be applied 
to ^ i^ -B, their conmion base A B 
retaining its position, the curve line 
A E B must fell exactly on the curve 
line AF B ; otherwise there would be 
points in the one or the other unequally distant from the cen- 
ter, which is contrary to the definition of the circle. 

138. Hence a diameter divides the circle and its circum- 
ference into two equal parts. 

139. Cor. 1. Conversely, a straight line dividing the circle 
into two equal parts is a diameter. 

For, let the line A B divide the circle AEBCF into 
two equal parts; then, if the center is not in A B, lei A C he 
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drawn through it, which is therefore a 
diameter, and consequently divides the 
circle into two equal parts ; hence the 
surface A F C is equal to the surfiice 
A FC B, Si, part to the whole, which 
is impossible. 

140. Cor. 2. The arc of a circle, 
whose chord is a diameter, is a semi-circumference, and the 
included segment is a semicircle. 

Theorem II. 

141. In the same circle, or in equal circles, equal arcs 
are subtended by equal chords; and, conversely, equal 
chords subtend equal arcs. 

Let AD B and E GFhe two equal circles, and let the arc 
A Dhe equal \o E G ; then- will the chord -4 Z> be equal to 
the chord E G. 

For, since the ^/^^^ ^\ G^y 

diameters A B, 
E F sre equal, ^ 
the semicircle 
A D B may be 
applied to the 
semicircle EGF; and the curve line ADB will coincide 
with the curve line EGF (Theo. I.). But, by hypothesis, 
the arc ^ Z> is equal to the arc E G ; hence the point D will 
fall on ^G ; hence the chord A D \& equal to the chord E G 
(26, Ax. 10). 

Conversely, if the chord ^ X> is equal to the chord E G, 
the arcs A D, E G will be equal. 

For, if the radii CD, OG are drawn, the triangles A CD, 
E O G, having the three sides of the one equal to the three 
sides of the other, each to each, are themselves equal (Theo. 
XIII. Bk. I.) ; therefore the angle A C D i& equal to the an- 
gle ^ O 6? (Theo.Xin.Sch., Bk. I.). 




B E\ 
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If now the semicircle ADBhe applied to its equal EGF^ 
with the radius A C on its equal E O, since the angles 
A CD, E OG are equal, the radius CD will fell on O G, 
and the point D on G. Therefore the arcs A D and E G 
coincide with each other ; hence thej must be equal (26, Ax. 
12). 

Theorem III. 

142. In the same circle, or in eqtml circles, a greater 
arc is subtended by a greater chord ; and, conversely, the 
greater chord subtends the greater arc. 

In the circle of which C is the center, let the arc ^ £ be 
greater than the arc ^ Z> ; then will the chord ^ JB be greater 
than the chord A D, 

Draw the radii CA, CD, and CB. ^^ ^ 

The two sides AC, CB in the triangle /f\ ^.^^^'/x 
-4 C ^ are equal to the two AC, C D \^^yy'^\ / \ 

in the triangle AC D, and the angle f "^ I 

ACB\^ greater than the angle A CD ; \ I 

therefore the third side AB\% greater \^^ y^ 

than the third side A D (Theo. XL 

Bk. I.) ; hence the chord which subtends the greater arc is the 

greater. 

Conversely, if the chord .1 £ be greater than the chord 
A D, the arc -4 S will be greater than the arc -4 X>. 

For the triangles AC B, AC D have two sides, A C, CB, 
in the one, equal to two sides, AC, CD, in the other, while 
the side AB ia greater than the side AD ; therefore the angle 
ACBi% greater than the angle ACD (Theo. XII. Bk. I.) ; 
hence the arc A B\^ greater than the arc A D. 

143 • Scholium. The arcs here treated of are each less than 
the semi-circumference. If they were greater, the contrary- 
would be true ; in which case, as the arcs increased, the chords 
would diminish, and conversely. 
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Theorem IV. 

144. In the same circle^ or in equal circles^ radii which 
make equal angles at the center intercept equal arcs on the 
circumference ; and, conversely, if the intercepted arcs are 
equal, the angles vfiade by the radii are also equal, 

LeiACBoniDCE 

be ecfaal .angles made by 
radii at the center of 
equal circles; then will 
the intercepted arcs A B 
and D E he also equal. 

First. Since the an- 
gles A C B, D C E are equal, the one may be applied to the 
other; and since their sides, being radii of equal circles, are 
equal, the point A will coincide with D, and the point B with 
E, Therefore the arc ^ JS must also coincide with the arc 
D E, or there would be points in the one or the other une- 
qually distant from the center, which is impossible ; hence the 
arc -4 -B is equal to the arc D E. 

Second. If the arcs A B and D E are equal, the angles 
A CB and D CE will be equal. 

For, if these angles are not equal, let -4 C ^ be the greater, 
and let AC F be taken equal to D C E. From what has 
been shown, we shall have the arc ^ JP equal to the arc D E, 
But, by hypothesis, A B is equal to D E ; hence A F must 
be equal to A B, the part to the whole, which is impossible ; 
hence the angle A C B is equal to the angle D C E. 



Theorem V. 

145. The radius which is perpendicular to a chord bi- 
sects the chord, and also the arc subtended by the chord. 

Let the radius C E he perpendicular to the chord A B ; 
then will C E bisect the chord at D, and the arc ^ jB at E. 
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Draw the radii CA and C-B. Then 
CA and C B, with respect to the per- 
pendicular C E, are equal oblique lines 
drawn to the chord AB ; therefore their 
extremities are at equal distances from the 
perpendicular (Theo. X. Bk. I.) ; hence 
A D and D B nre equal. 

Again, since the triangle AC B has the sides A C and 
C B equal, it is isosceles; and the line C E bisects the base 
^ JS at right angles ; therefore C E bisects also the angle 
ACB (Theo. VL Book L). Since the angles ^ C /?, 
D C B fure equal, the arcs A E, E B are equal (Theo. IV.) ; 
hence the radius C E, which is perpendicular to the chord 
A £, bisects the arc ^ J3 subtended by the chord. 

146« Cor. 1. Any straight line which joins the center of 
the circle and the middle of the chord, or the middle of the arc, 
must be perpendicular to the chord. 

For, the perpendicular from the center C passes through the 
middle, />, of the chord, and the middle, E, of the arc sub- 
tended by the chord. Now, any two of these three points in 
the straight line CE, are suflBcient to determine its position. 

147* Cor. 2. A perpendicular at the middle of a chord 
passes through the center of the circle, and through the middle 
of the arc subtended by the chord, bisecting at the center the 
angle which the arc subtends. 

Theorem VL 

148. Through three given points^ not in the same 
straight line, 07ie circumference can be mude to pass, 
and but one. 

Let A, B, and C be any three points not in the same 
straight line ; one circumference can be made to pass through 
them, and but one. 

Join A B and B C ; and bisect these straight lines by the 
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perpendiculars D E and F E. Join 
D F ; then, the angles BDE, BFE, 
being each a right angle, are together 
equal to two right angles; therefore the 
angles E D F, E F D are together less 
than two right angles ; and D E, F E, 
produced, must meet in some point E. 

Now, since the point H lies in the perpendicular Z> ^, it is 
equally distant from the two points A and B (Theo. X. Bk. 
I.) ; and since the same point E lies in the perpendicular FE, 
it is also equally distant from the two points B and C ; there- 
fore the three distances, E A, E B, EC, are equal ; hence a 
circumference can be described from the center E passing 
through the three points A, B, C. 

Again, the center, lying in the perpendicular D E bisecting 
the chord A B, and at the same time in the perpendicular F E 
bisecting the chord B C (Theo. V. Cor. 2), must be at the 
point of their meeting, E, Therefore, since there can be but 
onie center, but one circumference can be made to pass through 
three given points. 

149. Cor. Two circumferences can intersect in only two 
points; for, if they have three points in common, they must 
have the same center, and must coincide. 



Theorem Vn. 

150. A straight Vme perpendicular to a radius at its 
termination in the circumference^ is a tangent to the circle. 

Let the straight line B Dhe per- 
pendicular to the radius C^ at its 
termination A ; then will it be a tan- 
gent to the circle. 

Draw from the center C io B D 
any other straight line, bs C E, 
Then, since C A is perpendicular to 
B D, it is shorter than the oblique 
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line C E (Theo. X. Bk. I.) ; hence the point E is without 
the circle. The same may be shown of any other point in the 
line B D, except the point A ; therefore B D meets the cir- 
cumference at A, and, being produced, does not cut it ; hence 
BDi&K tangent (129). 

151. Cor, 1. Conversely, if a line is a tangent to a circum- 
ference, the radius drawn to the point of contact with it is per- 
pendicular to the tangent 

For every point in -B />, except A^ being without the cir- 
cumference, any line C E drawn fix)m the center, C, to JS /?, 
at any point other than A^ must terminate at E^ without the 
circumference; therefore the radius C^ is the shortest line 
that can be drawn from the center to BD ; hence C ^ is per- 
pendicular to the tangent B D (Theo. X. Cor. 1, Bk. I.). 

152« Cor. 2. Only one tangent can be drawn through the 
same point in a circumference ; for two lines cannot both be 
perpendicular to a radius at the same point 

Theorem Vin. 

153. Two parallel straight lines intercept equal arcs of 
the circumference. 

First. When the two parallels are secants, bs AB, D E. 

Draw the radius C H perpendicu- 
lar to ^ jB ; and it will also be per- 
pendicular to DE (Theo. XVII. 
Cor., Bk. I.) ; therefore the point 
H will be at the same time the mid- 
dle of the BTC AHB and of the arc 
DHE (Theo. V.); therefore, the 
arc A H is equal to the arc HB, 
and the arc D His equal to the arc HE; hence A H dimin- 
ished hjDHis equal to HB diminished by HE; that is, 
the intercepted arcs A D, B E are equal. 

Second. When of the two parallels, one, as ^4 jB, is a se- 
cant, and the other, as Z> J?, is a tangent. 
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Draw the radius C Hto the point 
of contact H, This radius will be 
perpendibular to the tangent D E 
(Theo. VII.), and also to its parallel 
AB (Theo. XVI. Cor., Bk. L). 
But, since C H is perpendicular to 
the chord A B, the point H is the 
middle of the arc AH B ; hence the 
arcs AH, H B, included between 
the parallels A B, D E, are equal. 

Third. When the two parallels are tangents, as D E, IL. 

Draw the secant A B parallel to either of the tangents ; 
then, from what has been just shown, the arc yl iSTis equal to 
the arc H B, and also the arc J. G^ is equal to the arc G B ; 
hence the whole arc HJl 6r is equal to the whole arc HB G, 

It is further evident, since the two arcs HAG, HB G axe 
equal, and together make up the whole circumference, that 
each of th^m is a semi-<;ircumference. 



Theorem IX. 

154. In the same circle, or in equal circles, any two an- 
gles at the center are to each other as the arcs intercepted 
between their sides. 

Let ACB be 

the greater, and 
AC D the less 
angle; then will 
the angle ACB 
be to the angle 
j4 C Z> as the arc 
j4 J5 is to the arc 
AD. 

Conceive the less angle to be placed on the greater ; then, 
if the proposition be not true, the angle ACB will be to the 
angle ilCZ^asthearc^^istoanarc greater or less than 

6* 
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A D. Suppose this arc to be greater, and let it be represented 
hj AO; we shall have the angle A C B : angle A CD : : arc 
^ JS : arc A O, Conceive, now, the arc ^ fi to be divided 
into equal parts, each of which is less than DO; there will 
be at least one point of division between D and O ; let / be 
that point; and join CI. The arcs A B, A /will be to each 
other as two whole numbers, and, by the preceding proposition, 
we shall have the angle AC B : angle ACI: : vltc AB : arc 
A L Comparing these two proportions with each other, and 
observing that the antecedents are the same, we infer that the 
consequents are proportional (Theo. IX. Cor. 2, Bk. TI.) ; 
hence the angle A CD : angle A CI: : arc -4 O : arc A I. 
But the arc -4 O is greater than the arc A I; therefore, if this 
proportion is truo, the angle AC D must be greater than the 
angle ACI But it is less ; hence the angle AC B cannot 
be to the angle A CD as the arc j1 £ is to an arc greater than 
AD. 

By a process of reasoning entirely similar, it may be shown 
that the fourth term of the proportion cannot be less than 
AD ; therefore it must be -4 Z> ; hence we have, 

Angle A CB : angle A CD :: 9xc A B : ixrc AD. 

155. Cor. 1. An angle having its vertex at the center of 
a circle is measured by the arc included between its sides. 

For the angle at the center of a circle, and the arc inter- 
cepted by its sides, have such a connection, that, if the one be 
increased or diminished in any ratio, the other will be in- 
creased or diminished in the same ratio, we are authorized to 
take the one of these magnitudes as the measure of the other. 

156. Cor. 2. Four right angles are measured by an entire 
circumference (Theo. III. Cor. 2, Bk. I.). 

157. Cor. 3. Hence, if a right angle is measured by a 
quadrant, or 90 degrees ; two right angles by a semi-circum- 
ference, or 180 degrees ; and four right angles by the entire 
circumference, or 860 degrees. 

158. Scholium 1. In the comparison of angles with each 



Digitized by 



Google 



BOOK III. 



55 



other, the arcs which serve to measure them must be de- 
scribed with equal radii. 

159. Scholium 2. Sectors taken in the same circle, or in 
equal circles, are to each other as their arcs ; for sectors are 
equal when their angles are so, and therefore are in all re- 
spects proportional to their angles. 

Theorem X. 

160. An inscribed angle is measured by half the arc 
included between its sides. 

Let -B -4 Z> be an inscribed angle, 
whose sides include the arc B D ; then 
the angle -B ^ Z> is measured by half of 
the arc B D, 

First. Suppose the center of the cir- 
cle C to lie within the angle BAD, 
Draw the diameter A E, and the radii 
CB,CD. 

The angle B C E, being exterior to the triangle ^ -B C, is 
equal to the sum of the two interior angles CAB, ABC 
(Theo. XIX. Cor. 4, Bk. I). But the triangle BAC being 
isosceles, the angle C^ -B is equal to A B C ; hence, the an- 
gle -B C £? is double BAC Since BCElies at the center, 
it is measured by the arc -B^ (Theo. IX. Cor. 1); hence 
BAC will be measured by half of B E. For a like reason, 
the angle CAD will be measured by the half o( ED ; hence 
BAC mi CAD together, or BAD^ 
will be measured by the half of B E 
mi ED, or half B D. 

Second, Suppose that the center C 
lies without the angle BAD. Then, 
drawing the diameter A E, the angle 
B A E will be measured by the half of 
BE ; and the angle DAE is measured 
by the half of DE ; hence, their diflFer- D B 
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ence, BAD, will be measured by the half oi BE minus the 
half of E D, or by the half of B D, 

Hence every inscribed angle is measured by the half of the 
arc included between its sides. D 

161. Cor. 1. All the angles, 
BAC, BDC, inscribed in the 
same segment, are equal; because 
they are all measured by the half 
of the same arc, B O C. 

162. Cor. 2. Every angle, B^Z?, 
inscribed in a semicircle, is a right 
angle; because it is measured by 
half the semi-circumference, BOD; 
that is, by the fourth part of the 
whole circumference. 

163. Cor. 3. Every angle, jB^C, 
inscribed in a segment greater than 
a semicircle, is an acute angle ; for 
it is measured by the half of the 
arc B O Cj less than a semi-cir- 
cumference. 

And every angle, BOC, inscribed 
in a segment less than a semicircle, 
is an obtuse angle ; for it is meas- 
ured by half of the arc -B ^ C, 
greater than a semi-circumference. 

164. C^or. 4. The opposite an- 
gles, A and Z>, of an inscribed quad- 
rilateral, A B D C, are together 
equal to two right angles ; for the 
angle BACis measured by half the 
arc BDC, and the angle BDC is 
measured by half the arc B AC; 
hence the two angles B AC, BDC, taken together, are 
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measured by half the circumference ; hence their sum is equal 
to two right angles. 

Theorem XL 

165. The angle formed by the intersection of two chords 
is measured by half the sum of the two intercepted arcs. 

Let the two chords ^5, CD inter- A C 

sect each other at the point E ; then 
will the angle D E B, or its equal, 
A E Cjhe measured by half the sum 
of the two arcs D B and A C, 

Draw A F parallel to D C ; then 
will the arc i^Z> be equal to the arc 
4 C (Theo. VIIL), and the angle D B 

FAB equal to the angle DEB (Theo. XVII. Bk. L). But 
the angle F AB\s> measured by half the qj^ F D B (Theo. 
X.) ; that is, by half the arc DB, plus half the arc F D, 
Hence, since F D is equal to A C, the angle D E B, or its 
equal angle A E C, is measured by half the sum of the inter- 
cepted arcs D B and A C, 

Theorem XIL 

166* The angle formed by a tangent and a chord is 
measured by half the intercepted arc. 

Let the tangent BE form, with 
the chord A C, the angle B AC ; 
then -B ^ C is measured by half the 
arc^MC. 

From A^ the point of contact, draw 
the diameter A D, The angle BAD 
is a right angle (Theo. VII.), and is 
measured by half of the semi-circum- 
ference AMD (Theo. X.) ; and the 
angle D AC i& measured by half the arc DC; hence the 
sum of the angles B A D, D A C^ or B A C, ia measured by 
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the half o{ A M D, plus the half of D C; or by half the 
whole arc A M D C, 

In like manner, it may be shown that the angle C A E is 
measured by half the intercepted arc A C. 

Theorem XTTL 

167* The angle formed by two secants is measured hy 
half the difference of the two intercepted arcs. 

Let AB, AChe two secants form- 
ing the angle B AC; then will that 
angle be measured by half the differ- 
ence of the two arcs BEC and D F. 

Draw D E parallel to A C; then 
will the arc £ C be equal to the arc 
D F (Theo. Vm.) ; and the angle 
BDE be equal to the angle BAC 
(Theo. XVU. Bk. I.). But the an- 
gle BDE is measured by half the 

BTC B E (Theo. X.) ; hence the equal angle B A C ia also 
measured by half the arc BE; that is, by half the difference 
of the arcs BEC and E C, or, since E C is equal to D F 
by half the difference of the intercepted arcs BEC and D F. 

Theorem XIV. 

168. The angle formed by a secant and a tangent is 
measured by half the difference of the two intercepted 
arcs. 

Let the secant A B form, with the 
tangent A (7, the angle B A C; then 
B AC lA measured by half the dif- 
ference of the two arcs B E F and 
FD. 

Draw D E parallel to ^ C; then 
will the arc J5^ 1^ be equal to the arc 
D F (Theo. VIII.), and the angle 
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BDEhe equal to the angle B AC. But the angle DDE 
is' measured by half of the sirc B E (Theo. X.); hence the 
equal angle BACia also measured by half the oxc BE ; that 
is, by half the difference of the arcs B E F and E F, or, since 
E Fis equal to Z> i^, by half the difference of the intercepted 
arcs BEFsuiiDF. 

PROBLEMS IN CONSTRUCTION. 

169. The Problems in Construction, which follow in 
this book, require for their solution the application of the prin- 
ciples of the preceding books. 

Problem I. To bisect a given straight line, or to divide 
it into two equal parts. 

Let ^ fi be a straight line, which it is y^Q 

required to bisect. 

From the point J. as a center, with a ^ E 

radius greater than the half of A B, de- 
scribe an arc of a circle ; and from the 
point jB as a center, with the same radius, ^-^^ 

describe another arc, cutting the former in the points C and 
D. Through C and D draw the straight line CD; it will 
bisect ^ jB in the point E. 

For the two points C and D, being each equally distant 
from the extremities A and B, must both lie in the perpendic- 
ular raised from the middle point o{ A B (Theo. X. Cor. 2, 
Bk. I.). Therefore the line CD must divide the line ^ fi 
into two equal parts at the point E. 

Problem II. From a given point, without a straight 
line, to draw a perpendicular to that line. 

Let ^ jB be the straight line, and let C be a given point 
without the line. 

From the point C as a center, and with a radius sufljciently 
great, describe an arc cutting the line AB in two points, A 
and B; then, from the points A and B as centers, with a 
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radius greater than half of A B, describe 
two arcs cutting each other in Z>, and 
draw the straight line CD; it will be 
the perpendictilar required. 

For, the two points C and D are each 
equally distant from the points A and B; 
hence the line CZ> is a perpendicular 
passing through the middle oi A B 
(Theo. X. Cor. 2, Bk. L). 

Problem HI. At a given point in a straight line to 
erect a perpendictilar tb that line. 

Let A Bhe the straight line, and let D 
be a given point in it. 

In the straight line A B, take the points 
A and B at equal distances from D ; then 
from the points A and B as centers, with 
a radius greater than A Z>, describe two 
arcs cutting each other at C; through C and D draw the 
straight line CD ; it will be the perpendicular required. 

For the point C, being equally distant from A and B, must 
be in a line perpendicular to the middle of -4 -B (Theo. X. Cor. 
•2, Bk. I.) ; hence CD has been drawn perpendicular to AB 
at the point D. 

Scholium, The same construction serves for making a right 
angle, ADC, "at a given point, Z>, on a given straight line, 
AB. 

Problem IV. To erect a perpendicular at the end of a 
given straight line. 

Let ^ fi be the straight line, and B 
the end of it at which a perpendicular 
is to be erected. 

From any point, D, taken without 
the line A B, with a radius equal to 
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ting the line ABoi the points A and B ; through the point A, 
and the center D, draw the diameter A C. Then through C, 
where the diameter meets the arc, draw the straight line C jB, 
and it will be the perpendicular required. 

For the angle ABC, being inscribed in a semicircle, is a 
right angle (Theo. X. Cor. 2, Bk. HI.). 

Problem V. uii a point in a given straight line to make 
an angle equal to a given angle 

Let A be the given j^y dQ.. 

point, A B the given line, 
and E F G the given 
angle. 

From the point JF* as a 
center, with any radius, describe an arc, G E, terminating in 
the sides of the angle ; from the point ^ as a center, with the 
same radius, describe the indefinite arc B D, Draw the chord 
G E ; then from £ as a center, with a radius equal to G E, 
describe an arc cutting the arc B D in C. Draw A C, and 
the angle CAB will be equal to the given angle E F G, 

For the two arcs, B C and G E, have equal radii and equal 
chords; therefore they are equal (Theo. II. Bk. III.); hence 
the angles CAB, E F G, measured by these arcs, are also 
equal (Theo. IV. Bk. HI.). 

Problem VI. To bisect a given arc, or a given angle. 

First. Let A D B be the given arc 
which it is required to bisect. 

Draw the chord AB ; from the center 
C draw the line CD perpendicular to 
A B (Prob. III.) ; it will bisect the arc 
AD B m the point D. 

For CD being a radius perpendicular 
to a chord A B, must bisect the ^tq AD B which is subtended 
by that chord (Theo. V. Bk. HI.). 

Secondly. Let ACBhQ the angle which it is required to 
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bisect. From C as a center, with any radius, describe the arc 
A D B ; bisect this arc, as in the first case, by drawing the 
line CD; and this line will also bisect the angle AC B, 

For the angles AC D, BCD are equal, being measured 
by the equal sLrcAAD,DB (Theo. IV. Bk. IIL). 

Scholium, By the same construction, we may bisect each 
of the halves AD, D B ; and thus, by successive subdivisions, 
a given angle or a given arc may be divided into four equal 
parts, into eight, into sixteen, kc. 

Problem Vn. Through a given point, to draw a 
straight line parallel to a given straight line. 

Let A be the given point, and A--^ JB 

C D ihe given straight line. *-•... 

From il^draw a straight line, q "'^•^^. jy 

A E, to my point, E, in CD. E 

Then draw A B, making the angle E AB equal to the angle 
AEC (Prob. V.) ] mdABis parallel to CD.' 

For the alternate angles E A B, AEC, made by the 
straight line A E meeting the two straight lines A B, CD, 
being equal, the lines A B and C D must be parallel (Theo. 
XV. Bk. I.). 

Problem VHI. Two angles of a triangle being given^ 
to find the third angle. 

Draw the indefinite straight line O D 

ABE. At any point, B, make the 
angle ABC equal to one of the 

given angles (Prob. V.), and the an- : ^ „ 

gle CBD equal to the other given 

angle ; then the angle DBE will be the third angle required. 

For these three angles are together equal to two right an- 
gles (Theo. I. Cor. 2, Bk. I.), as are also the three angles of 
every triangle (Theo. XIX. Bk. I.) ; and two of the angles at 
B having been made equal to two angles of the triangle, the 
remaining angle DBE must be equal to the third angle. 
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Problem IX. Two sides of a triangle and the included 
angle being given^ to construct the triangle. 

Draw the straight line A B equal to one 
of the two given sides. At the point A 
make an angle, C A -B, equal to the given 
angle (Prob. V.) ; and take A C equal to 
the other given side. Join B C , and the A^ 
triangle ABC will be the one required (Theo. IV. Bk. I.). 

Problem X. One side and two angles of a triangle 
being given, to construct the triangle. 

The two given angles will either be both 
adjacent to the given side, or one adjacent 
and the other opposite. In the latter case, 
find the third angle (Prob. VIII.) ; and 
the two angles adjacent to the given side 
will then be known. 

In the former case, draw the straight line A B equal to the 
given side ; at the point A, make an angle, B AC, equal to 
one of the adjacent angles, and at £ an angle, ABC, equal 
to the other. Then the two sides AC, B C will meet, and 
form with A B the triangle required (Theo. V. Bk. I.). 

Problem XI. Two sides of a triangle and an angle ojh 
posite one of them being given, to construct the triangle. 

Draw the indefinite straight line 
A B. At the point A make an 
angle B A C equal to the given 
angle, and make A C equal to that 
side which is adjacent to the given 
angle. Then fi-om C, as a center, 
with a radius equal to the other side, describe an arc, which 
must either touch the line AB in D, or cut it in the points E 
and F, otherwise a triangle could not be formed. 

When the arc touches A B, 2>, straight line drawn from C to 
the point of contact, D, will be perpendicular to ^ -B (Theo. 
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Vn. Cor. 1, Bk. in.), and the rightrangled triangle CAD 
will be the triangle required. 

When the arc cuts A B in two points, E and F, lying on 
the same side of the point A, draw the straight lines C E, 
CF; and each of the two triangles C A E, CAF will sat- 
isfy the conditions of the problem. If, however, the two points 
E and F should lie on different sides of the point A, only one 
of the triangles, bs C A F, will satisfy all the conditions; 
hence that will be the triangle required. 

Scholium. The problem would be impossible, if the side 
opposite the given angle were less than the perpendicular let 
fall from the point C on the straight line A B, 

Problem XII. The three sides of a triangle being 
given, to construct the triangle. 

Draw the straight line A B equal to one 
of the giyen sides ; from the point ^ as a 
center, with a radius equal to either of the 
other two sides, describe an arc ; from the 
point Bj with a radius equal to the third 
side, describe another arc cutting the for- -^ -^ 

mer in the point C ; draw the straight lines AC, B C ; and 
the triangle ABC will be the one required (Theo. XIII. 
Bk. I.). 

Scholium. The problem would be impossible, if one of the 
given sides were equal to or greater than the sum of the other 
two. 

Problem XIII. Two adjacent sides of a parallelogram 
and the included ajigle being given, to construct the paraU 
lelogram,. 

Draw the straight line A B equal 
to one of the given sides. At the 
point A make an angle, BAD, equal 
to the given angle, and take A D 
equal to the other given side. From A 
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the point Z?, with a radius equal to ^ J3, describe an arc ; and 
from the point £ as a center, with a radius equal to ^ Z>, de- 
scribe another arc cutting the former in the point C Draw 
the straight lines C D^ C B ; and the parallelogram ABCD 
will be the one required. 

For the opposite sides are equal, by construction ; hence the 
figure is a parallelogram (Theo. XXII. Bk. I.); and it is 
formed with the given sides and the given angle. 

Cor. If the given angle is a right angle, the figure will be 
a rectangle ; and if the adjacent sides are also equal, the figure 
will be a square. 

Problem XIV. A circumference^ or an arc, being given, 
to find the center of the circle. 

Take any three points, A, B, C, 
on the given circumference, or arc. 
Draw the chords A B, B C, and 
bisect them by the perpendiculars 
D E and F E (Prob. I.) ; the point 
E, in which these perpendiculars 
meet, is the center required. 

For the perpendiculai^ D E, F E 
must both pass through the center (Theo. V. Cor. 2, Bk. III.), 
and E being the only point through which they both pass, E 
must be the center. 

Scholium. By the same construction, a circumference may 
be made to pass through three given points, A, E, C, not in 
the same straight line ; and also a circumference described in 
which a given triangle, ABC, shall be inscribed. 

Problem XV. Through a given point to draw a tan- 
gent to a given circle. 

First. Let the given point A be in the circumference. 

Find the center of the circle, C (Prob. XIV.); draw the 
radius C A ; through the point A draw A B perpendicular to 
C A (Prob. IV.) ; and A B will be the tangent required 
(Theo. Vn. Bk. m.). 
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Secondly. Let the given point 
B be without the circumlerence. 

Join the point B and the cen- 
ter C by the straight line B C ; 
bisect B Cin D ; and from D as 
a center, with a radius equal to 
C D or D Bj describe a circum- 
ference intersecting the given cir- 
cumference in the points A and JE, 
each will be a tangent as required. 

For, drawing C A, the angle CAB, being inscribed in a 
semicircle, is a right angle (Theo. X. Cor. 2, Bk. UI.) ; there- 
fore AB is perpendicular to the radius C ^ at its extremity, 
A, and consequently is a tangent (Theo. VIL Bk. HE.). In 
like manner it may be shown that J? £ is a tangent. 



Draw ^ £ and JS? £, and 



EXERCISES 



FOR ORIGINAL THOUGHT, ON REVIEW. 

170. 1. The diameter is the longest straight line that can 
be inscribed in a circle. 

2. A straight line cannot meet the 
circumference of a circle in more than 
two points. 

8. Two parallel tangents meet the cir- 
cumference at the extremity of the same 
diameter. 

4. If two straight lines intercept equal 
arcs of a circle, and do not cut each other within the circle, the 
lines will be parallel. 

5. If a straight line be drawn to touch a circle, and be par- 
allel to a chord, the point of contact will be the middle point 
of the arc cut off by that chord. 

6. If two circumferences cut each other, the straight line 
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passing through their centers will bisect at right angles the 
chord which joins the points of intersection. 




7. At a point in a given straight line to make an angle 
equal to half a right angle. 

8. To describe a square whose side shall be equal to a given 
straight line. 
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AREAS AND RELATIONS OF PLANE FIGURES. 

DEFINITIONS. 

17L The Area of a figure is its quantity of sur&ce, and 
is expressed by the number of times which the surface contains 
some other area assumed as a unit of measure. 

Figures have eqtial areas, when thejr contain the same unit 
of measure an equal number of times. 

172. Similar Figures are such as have the angles of the 
one equal to those of the other, each to each, and the sides con- 
taining the equal angles proportional 

173. Equivalent Figures are such as have equal areas. 
Figures may be equivalent which are not similar. Thus a 

circle may be equivalent to a square, and a triangle to a rec- 
tangle. 

174. Equal Figures are such as, when applied the one 
to the other, coincide throughout (26, Ax. 12). Thus circles 
having equal radii are equal ; and triangles having the three 
sides of the one equal to the three, sides of the other, each to 
each, are also equal. 

Equal figures are always similar; but similar figures may 
be very unequal. 

175. In different circles. Similar Arcs, Segments, or 
Sectors are such as corre- ^ 
spond to equal angles at the 
centers of the circles. 

Thus, if the angles A and 
E are equal, the arc B C 
will be similar to the arc 
F G ; the segment BDC 
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E 



iC 



to the segment FHG^mi the sector ^ J5 C to the sector 

i:fg, 

176. The Altitude of a Triahgle is the 
perpendicular, which measures the distance of 
any one of its vertices from the opposite side 
taken as a base ; as the perpendicular A D 
let fall on the base J3 C in the triangle 
ABC. 

177. The Altitude of a Parallelo- 
gram is the perpendicular which meas- 
ures the distance between its opposite 
sides taken as bases ; as the perpendicu- 
lar £ -P measuring the distance between 
the opposite sides, AB, DC, of the parallelogram ABCD. 

178. The Altitude of a Trapezoid 
is the perpendicular distance between its 
parallel sides; as the distance measured 
by the perpendicular E F between the 
parallel sides, AB^DC, of the trapezoid 
ABCD. 



E 



B 



Theorem I. 

179. Parallelograms which have eqtuil bases and equal 
altitudes are equivalent. 

Let ABCD, ABEF be two 

parallelograms having equal bases 
and equal altitudes ; then these par- 
allelograms are equivalent. 

Let the base of the one parallelo- A B 

gram be placed on that of the other, so that A B shall be the 
common base. Now, since the two parallelograms are of the 
same altitude, their upper bases, DC, F E, will be in the 
same straight line, DCEF, parallel Uy A B. From the na- 
ture of parallelograms DC is equal to ^ jB, and FE is equal 
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ioAB (Theo. XXEL BL L) ; therefore JD C is equal ioFE 
(26, Ax. 1) ; hence if JD C and F E he taken away from the 
same line, D E^ the remainders C E and D F will be equal 
(26, Ax. 3). But il Z> is equal to B C ^\A A F Ui B E 
(Theo. XXII. Bk. I.) ; therefore the triangles DAF, CB E, 
are mutually equilateral, and consequently, equal (Theo. XIH. 
Bk. L). 

If from the quadrilateral ABED, we take away the tri- 
angle A D F, there will remain the parallelogram AB E F ; 
and if from the same quadrilateral A B E D, we take away 
the triangle C B E, there will remain the parallelogram 
A BCD. Hence the parallelograms A B C D, A B E F, 
which have equal bases and equal altitude, are equivalent 

180. Cor, Any parallelogram is equivalent to a rectangle 
having the same base and altitude. 

Theorem II. 

18L If a triangle and a parallelogram have the same 
base and altitude, the triangle is equivalent to half the 
parallelogram. 

Let ABEhe^ triangle, and 
A B C D 9k parallelogram having 
the same base, A B, and the same 
altitude ; then will the triangle be 
equivalent to half the parallelo- 
gram. 

Draw A F, F E &o 2i& to form the parallelogram A B E F. 
Then the parallelograms A BCD, ABE F, having the same 
base and altitude, are equivalent (Theo. I.). But the triangle 
ABE is half the parallelogram ABEF (Theo. XXII. 
Cor. 1, Bk. I.) ; hence the triangle A B E ia equivalent to 
half the parallelogram ABCD (26, Ax. 7). 

182. Cor. 1. Aiiy triangle is equivalent to half a rectan- 
gle having the same base and altitude, or to a rectangle either 
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having the same base and half of the same altitude, or having 
the same altitude and half of the same base. 

183. Cor. 2. All triangles which have equal bases and 
altitudes are equivalent. 

Theorem III. 

184. Two rectangles having eqtuil attitudes are to each 
other as their bases. 

Let ABCD, AEFD D F C 

be two rectangles having the 
commoBL altitude AD ; they 
are to each other as their 
bases AB^ AE. ji 

First. Suppose that the bases A B, A E are commensura- 
ble, and are to each other, for example, as the numbers 7 and 
4. 1{ A B is divided into seven equal parts, A E will contain 
four of those parts. At each point of division draw lines per- 
pendicular to the base ; seven rectangles will thus be formed, 
all equal to each other, since they have equal bases and the 
same altitude (Theo. I.) The rectangle A BC D will con- 
tain seven partial rectangles, while AEFD will contain four; 
hence the rectangle A B C D is to j1 ^ i^ Z> as 7 is to 4, or 
BS ABi&\o AE. The same reasoning may be applied, what- 
ever be the numbers expressing the ratio of the bases ; hence, 
whatever be that ratio, when its terms are commensurable, we 
shall have 

ABCDiAEFD: lABiAE. 

Second. Suppose that the bases A B, D FK C 

A E 9Te incommensurable ; we shall still 
have 
A B CD : AEFD : : A B : A E. 

For, if this proportion be not true, the ^ -^^ ^ ^ 

first three terms remaining the same, the fourth term must be 
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either greater or less than A E. Suppose it to be greater, and 
that we have 

ABCD:AEFD::AB:AO. 
Conceive A B divided into equal parts, each of which is less 
than E O. There will be at least one point of division, J, be- 
tween E and O. Through this point, /, draw the perpendicu- 
lar IK; then the bases A B, -4 /will be commensurable, and 
we shall have 

ABCDiAIKD: :AB:AL 

But, by hypothesis, we have 

ABCDiAEFD:: ABiAO. 
In these two proportions the antecedents are equal ; hence the 
consequents are proportional (Theo. IX. Cor. 2, Bk. II.), and 
we have 

AIKD:AEFD::AI:AO. 
But ^ O is greater than A 1 ; therefore, if this proportion is 
correct, the rectangle A E F D must be greater than the rec- 
tangle A IK D (94) ; on the contrary, however, it is less (26, 
Ax. 8) ; therefore the proportion is impossible. Hence, A B CD 
cannot beto-4^i^Z>aa-4jBistoa line greater than A E. 

In the same manner, it may be shown that the fourth term 
of the proportion cannot be less than AE ; therefore it must be 
equal to AE. Hence, any two rectangles ABCD, AE FD, 
having equal altitudes, are to each other as their bases A B. 
AE. 

Theorem IV. 

185. Any two rectangles are to each other as the prod- 
ucts of their bases multiplied by their altitudes. 

Lei ABCD, AEG F he t^o ^ ^ <^ 

rectangles ; then will A B C D he 
to AE GF fis AB multiplied by 
^ Z> is to ^ ^ multiplied by A F. 
Having placed the two rectangles so 
that the angles at ^ are vertical, G F 



E 



A 



Digitized by 



Google 



BOOK IV. 73 

produce the sides G E, C D till they meet in H, The two 
rectangles ABCD, AE HD, having the same altitude A Z>, 
are to each other as their bases, A B, A E, In like manner 
the two rectangles A E HD, AEGF, having the same alti- 
tude, A E, are to each other as their bases, AD, AE, Hence 
we have the two proportions, 

ABCD'.AEHD: lABiAE, 

AEHD:AEGF::AD:AF. 

Multiplying the corresponding terms of these proportions 

together (Theo. XI. Bk. II.), and omitting the factor AEHD, 

which is common to both the antecedent and the consequent 

(Theo. Vin. Bk. IL), we shall have 

ABCD:AEGF::ABXAD:AEXAF. 

186. Scholium, Hence, we may assume as the measure of 
a rectangle, the product of its base by its altitude, provided we 
understand by this product the product of two numbers, one of 
which represents the number of linear units contained in the 
base, the other the number .of linear units contained iji the 
altitude. 

The product of two lines is often used to designate their 
rectangle ; but the term square is used to designate the prod- 
uct of a number multiplied by itself. 

Theorem V. 

187. The area of any parallelogram is equal to the 
product of its base by its altitude. 

Let AB C D he any parallelogram, 
^ JS its base, and E B iis altitude ; then 
will its area be equal to the product of 
ABhj'BE. 

Draw B E and A F perpendicular to 
A B, and produce C D io F, Then the parallelogram 
A B C D is equivalent to the rectangle AB E F, which has 
the same base, A JB,' and the same altitude, B E (Theo. I. 

7 
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Cor.). But the rectangle AB E F ia measured by ^ JB X 
B E (Theo. rv. Sch.) ; therefore ABxB E \a equal to the 
area of the parallelogram AB C D, 

1S8. Cor. Parallelograms having equal bases are to each 
other as their altitudes, and parallelograms having equal alti- 
tudes are to each other as their bases ; and, in general, paral- 
lelograms are to each other as the products of their bases by 
their altitudes. 

Theorem VI. 

189« The area of any triangle is eqtuU to the product 
of its base by half its altitude. 

Let ABChQ any triangle, 5 C its base, 
and ^ Z> its altitude ; then its area will be 
equal to the product of £ C by half of -4 Z>. 

Draw AE and C J? so as to form the 
parallelogram ABCE; then the triangle 
ABC k half the parallelogram ABCE, 
which has the same base B C, and the same altitude A D 
(Theo. II.); but the area of the parallelogram is equal to 
B C xA D (Theo. V.) ; hence the area of the triangle must 
heiBCxA D, or BCXiAD. 

190. Cor. Triangles of equal altitudes are to each other 
as their bases, and triangles of equal bases are to each other as 
their altitudes ; and, in general, triangles are to each other as 
the products of their bases and altitudes. 

Theorem vn. 

191. The area of any trapezoid is equal to the product 
of its altitude by half the sum of its parallel sides. 

Let A B CD he 9k trapezoid, E F its altitude, and A B, 
C £> its parallel sides ; then its area will be equal to the prod- 
uct EF hj half the sum of ^ jB and C D. 

Through /, the middle point of the side B C, draw K L 
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parallel to AD ; and produce D C D E 




till it meet K L, In the triangles 
IBL, ICKf we have the sides IB, 
I C equal by construction ; th6 verti- 
cal angles LIB, CIK are equal 
(Theo. in. Bk. T.) ; and, since CK A F LB 

and B L are parallel, the alternate angles IB L, IC K are 
also equal (Theo. XVIII. Bk. I.) ; therefore the triangles 
IB L, IC K 2iTG equal (Theo. V. Bk. I.) ; hence the trape- 
zoid AB C D is equivalent to the parallelogram AD K L, 
and is measured by the product o{ E Fhj AL (Theo. V.). 

But we have J. i^ual D K ; and since the triangles IBL 
and KCIsiTe equal, the sides B L and CK are equal ; there- 
fore the sum of A B and C D is equal to the sum of A L and 
D K, or twice A L, Hence A Lib half the sum of the bases 
AB, CD; hence the area of the trapezoid AB, CD is equal 
to the product of the altitude J3 Fhj half the sum of the par- 
allel sides ^ 5, CD. 

Cor. If through /, the middle point of B C, the line I H 
be drawn parallel to the base A B, the point H will also be 
the middle point of A D. For, since the figure A HILiba 
parallelogram, as is likewise DHIK, their opposite sides 
being parallel, we have A H equal to IL, and D H equal to 
IK. But since the triangles B I L, CIK are equal, we 
have I L equal to IK; hence A His equal to D H. 

Now, the line HI k equal U> A L, which has been shown 
to be equal to half the sum of -4 jB and CD; therefore the 
area of the trapezoid is equal to the product of E F by H I 
Hence, the area of a trapezoid is equal to the product of its alti- 
tude by the line connecting the middle points of the sides which 
are not parallel. 

Theorem VHI. 

192. If « straight line be divided into two parts, the 
square described on the whole line is equivalent to the sum 
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of the squares described an the parts^ together with twice 
the rectangle contained by the parts. 



E 



H D 



F 



I 



O 



B C 



Let il C be a straight line, divided into 
two parts, AB^ BC, at the point B ; then 
the square described on -4 C is equiva- 
lent to the sum of the squares described 
on the parts ABj BC, together with twice 
the rectangle contained hj AB, B C; 
that is, 

A^ = AB' + BC' + 2ABxBC. 

On A C describe the square A C D E ; take A F equal 
to AB ; draw F G parallel to ^ C, and B H parallel to 
AE. 

The square AC D E is divided into four parts ; the first, 
A B IF, is the square described on A B, since A F waa taken 
equal to AB. The second, IG D H, is the square described 
upon B C ; for, since ^ C is equal to AE, and AB\a equal 
ixi AF, AC minus AB ya equal iQ A E minus A F, which 
gives B C equal to J5?F. But IG is equal \oBC,ssADG 
to E F, since the lines are parallels; therefore IGDHia 
equal to the square described on B C These two parts being 
taken from the whole square, there remain two rectangles 
BCGI, EFIH, each of which is measured hj ABX 
B C; hence the square on the whole line -4 C is equivalent 
to the squares on the parts AB, B C, together with twice the 
rectangle of the parts. 



193. Cor. The square described on the 
whole line -4 C is equivalent to four times 
the square described on the half A B. 

194. Scholium. This proposition is 
equivalent to the algebraical formula, 

(a + by=:a^ + 2ab + b^ 
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Theorem IX. 

195. The square described on the hypothenuse of a 
right-angled triangle is equivalent to the sum of the 
sqimres described on the other two sides. 

Let ABC be a right-angled 
triangle, having the right angle at 
^4 ; then the square described on 
the hypothenuse B C will be 
equivalent to the sum of the 
squares on the sides B A, A C, 

On B C describe the square 
BCGF, andon^JS, ^Cthe 
squares ABHLj A CIK; pro- 
duce FBtoN, HL and IK to 
M; and through A draw EDA 
parallel to F B N, and meeting 
the prolongation o{ HL in M. 

Then, since the angles H BA, NBC are both right an- 
gles, if the common angle NB Ahe taken from each of these 
equals, there will remain the equal angles HB N, ABC; 
and, consequently, since the triangles HBN, ABC sltg both 
right-angled, and have also the sides B H, B A equal, their 
hypothenuses B N, B C are equal (Theo. V. Cor., Bk. I.). 
But £ C is equal to B F; therefore B Nis equal to B F; 
hence the parallelograms B A M N, B D E F, of which the 
common altitude is B D, have equal bases ; therefore the two 
parallelograms are equivalent (Thea I.). But the parallelo- 
gram B A MN is equivalent to the square A B HL^ since they 
have the same base B A^ and the same altitude AL ; hence 
the parallelogram BDE F is also equivalent to the square 
ABHL, In like manner it may be shown that the rectan- 
gle Z> C G jE? is equivalent to the square A CIK ; hence the 
two rectangles together, that is, the square BCGF, are 
equivalent to the sum of the squares ABHL, AC IK, or 
BC^ is equivalent to AB^ + AC^ 

7* 
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196. Cor, 1. The square of either of the sides which 
form the right migle of a right-angled triangle is equiva- 
lent to the square of the hypothenuse diminished by the 
square of the other side ; thus, 

AE^ is equivalent to B Cf — A (f. 

197. Cor. 2. The square described on D C 
the diagonal of a square is equivalent to 
double the square described on a side. 
For let il fi C /> be a square, and ^ C its 
diagonal ; the triangle ABC being right- 
angled and isosceles, we have, 

Td'=A^+B^ = 2A£i' = 2xABCD. 

198. Cor, 8. Since A (f is equal to 2 -1 B^^ we have 

JC®:I:B^::2:1; 
and, extracting the square root, we have 

AC:AB:'W2:1] 
hence, the diagonal of a square is incommensurable with a 
side. 

Thborem X. 

199. If a straight line be drawn in a triangle parallel 
to one of the sides^ it will divide the other two sides pro- 
portionally. 

Let AB C he dk triangle, and D E t^ 
straight line drawn within it parallel to the 
side B C; then will 

AD:DB::AE: EC 

Join B E and DC; then the two trian- 
gles BDE, DEC have the same base, -B O 
D E ; they also have the same altitude, since the vertices B 
and C lie in a line parallel to the base ; therefore the triangles 
are equivalent (Theo. 11. Cor. 2). 

The triangles AD E, BDE, having their bases in the 
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same line A B, and haying the common vertex Ey have the 
same altitude, and therefore are to each other as their bases 
(Theo. VI. Cor.) ; hence 

ADEiBDE: :AD:DB. 
The triangles ADE, DEC, whose common vertex is D, 
have also the same altitude, and therefore are to each other as 
their bases ; hence 

ADE:DEC::AE:Ea 
But the triangles B D E, DEC have been shown to be 
equivalent; therefore, on account of the common ratio in the 
two proportions (Theo. IX. Bk. 11.), 

AD:DB::AE:Ea 

200. Cor. 1. Hence, by composition (Theo. VI. Bk. II.), 
we have AD + DB:AD::AE + EC:AE;orAB: 
ADiiACiAE; also, AB:BD::AC:Ea 

201. Cor, 2. If two or more straight lines be drawn in a 
triangle parallel to one of the sides, they will divide the other 
two sides proportionally. 

For, in the triangle ABC, since D E 
is parallel to B C, by the theorem, A D : 
D B : : AE : E C; and, in the triangle 
AD Ey since F G is parallel to D E, by 
the preceding corollary, A D : F D : : 
A E : G E, Hence, since the antecedents 
are the same in the two proportions (Theo. 
IX. Cor. 2, Bk. H.), PD :DB:: GEiEC 

Theorem XI. 

202* If « straight line divides two sides of a triangle 
proportionally, the line is parallel to the other side of the 
triangle. 

Let ^ J5 C be a triangle, and D E a, straight line drawn in 
it dividing the sides AB, AC, so that A D : D B : : A E : 
EC; then will the line D E he parallel to the side B C. 
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Join B E and DC; then the triangles 
ADE, B D Ey having their bases in the 
same straight line A B, and having a com- 
mon vertex, E, are to each other as their 
bases A D, D B (Theo. VL Cor.) ; that 
is, 

ADE:BDE::AD:DB. 

Also, the triangles A D E, DEC, ha^g the common 
vertex Z>, and their bases in the same line, are to each other 
as these bases, AE, EC; that is, 

ADE:DEC::AE:Ea 
But, by hypothesis, A D : D B : : A E : E C ; hence (Bk. 

n.), . 

A D E : B D E : : A D E : D E C ; 
that is, BDE, DEC have the same ratio U) ADE ; there- 
fore the triangles B D E, DEC have the same area, and 
consequently are equivalent (173). Since these triangles have 
the same base, D E, their altitudes are equal (Theo. VI. Cor.) ; 
hence the line JS C, in which their vertices are, must be paral- 
lel to DE. 

Theorem XII. 

203. The straight line bisecting any angle of a triangle 
divides the opposite side into parts y which are proportional 
to the adjacent sides. 

In any triangle, ABC, let the angle E 

BAChe bisected by the straight line \ '\ 
^Z?; then will \ '^- 

BD:DC::AB:AC \ 




Through the point C draw C E par- q 
allel to A D, meeting B A produced in 
E. Then, since the two parallels A D, E C bj^ met by the 
straight line A C, the alternate angles D A C, ACE are 
equal (Theo. XVII. Bk. I.) ; and the same parallels being met 
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by the straight line BE, the opposite exterior and interior 
angles jB^ jD, ^ £? C are also equal (Theo. XVII. Bk. L). 
But, by hypothesis, the angles D AC, BAD are equal ; 
consequently the angle ACE is equal to the angle A E C; 
hence the triangle A C E is isosceles, and the side A E is 
equal to the side A C (Theo. VII. Bk. I.). Again, since 
A D, in the triangle E B C, is parallel to E C, we have 
B D : DC: : AB: AE (Theorem X.), and, substituting 
A C in place of its equal A E, 

BDiDC: :AB:AC 

Theorem Xm. 

204. Equiangular triangles have their homologous sides 
proportional, and are similar. 

Let the two triangles ABC, D C E 
be equiangular ; the angle BAG being 
equal to the angle C D E, the angle A/^ 
^ jB C to the angle DCE, and the 
angle AC B to the angle DEC, then 
the homologous sides will be propor- B G ^ 

tional, and we shall have 

BC:CE::AB:CD::AC:DE. 

For, let the two triangles be placed so that two homologous 
sides, B C, C E, may join each other, and be in the same 
straight line ; and produce the sides B A, E D till they meet 
in F. 

Since B C E is a, straight line, and the angle B C A is 
equal to the angle C E D, A C is parallel to F E (Theo. 
XVI. Bk. I.) ; also, since the angle A B C is equal to the 
angle DCE, the line BF ia parallel to the line CD, Hence 
the figure A C D F is s. parallelogram ; and, consequently, 
^ jP is equal to CD, mi AC to FD (Theo. XXII. Bk. 
I.). 

In the triangle B E F, since the line ^ C is parallel to 
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the side F E, we have B C : CE : : B A : A F (Theo. X.); 
or, substituting C D for its equal, A Fy 

BC: CE::BA:CD, 
Again, CZ> is parallel to B F ; therefore, BC : CE : z 
FD : D E; or, substituting A C for its equal F Z>, 

BC: CE::AC:DE. 
And, since both these proportions contain the same ratio B C \ 
CE, we have (Theo. IX. Bk. H.) 

AC:DE::BA: CD. 
Hence, the equiangular triangles BAC, CD E have their 
homologous sides proportional ; and consequently the two tri- 
angles are similar (172). 

205* Cor. Two triangles having two angles of the one 
equal to two angles of the other, each to each, are similar ; 
since the third angles will also be equal, and the two triangles 
be equiangular. 

206. Scholium. In similar triangles, the homologous sides 
are opposite to the equal angles ; thus the angle A C B being 
equal io D E C, the side AB ia homologous to D C; in like 
manner, A C and D E ore homologous. 

Theorem XTV. 

207. Triangles which have their homologous sides pro- 
portional, are equiangular and similar. 

Let the two triangles 
^J5C,Z>JS?F have their 
sides proportional, so that 
we have BC.EF:: 
AB:DE::AC:DF; 
then will the triangles 
have their angles equal; 
namely, the angle A 
equal to the angle D, 
the angle B to the angle E, and the angle C to the angle F, 
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At the point J?, in the straight line E F, make the angle 
PEG equal to the angle JS, and at the point F^ the angle 
E F G equal to the angle C ; the third angle G will be equal 
to the third angle A (Theo. XIX. Cor. 2, Bk. I.) ; and the 
two triangles ABC, E F G will be equiangular. Therefore, 
by the last theorem, we have 

BC:EF::AB:EG; 
but, by hypothesis, we have 

BC: EF: :AB:DE; 
hence, E G ia equal to D E, 

By the same theorem, we also have 

BC:EF::AC:FG; 
and, by hypothesis, 

BC:EF::AC:DF;. 

hence i^ 6? is equal to D F, Hence, the triangles E G Fj 
D E F, having their three sides equal, each to each, are them- 
selves equal (Theo. XIII. Bk. I.). But, by construction, the 
triangle E G F ia equiangular with the triangle ABC; 
hence the triangles D E Fj AB^ tare also equiangular and 
similar. 



Theorem XV. 

208. Two triangles, which have an angle of the one 
equal to an angle of the other, and the sides containing 
these angles proportional, are similar. 

Let the two triangles ABC, 
D E F have the angle A equal to 
the angle D, and the sides contain- 
ing these angles proportional, so 
th3.t ABiDE :: AC: DF; then 
the triangles are similar. 

Take A G equal D E, and draw 
(? i/ parallel to B C. The angle A G iJ will be equal to the 
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angle ABC (Theo. XVII. Bk. I.) ; and the triangles AGH, 
ABC will be equiangular ; hence we shall have 

AB: AG:: AC: AH. 
But, by hypothesis, 

AB:DE::AC:DP; 
and, by construction, ^ 6r is equal to D E ; hence AH \s 
equal to DF. Therefore the two triangles AGH, D E F, 
having two sides and the included angle of the one equal to 
two sides and the included angle of the other, each to each, are 
themselves equal (Theo. IV. Bk. I.) But the triangle AG H 
is similar to ABC; therefore D E F is also similar to 
ABC. 

Theorem XVI. 

209. Two triangles, which have their sides, taken two 
and two, either parallel or perpendicular to each other ^ are 
similar. 

Let the two triangles ABC, DE F AD 

have the side A B parallel to the side 
DE, BC parallel to EF, and ^ C par- 
allel to DF ; these triangles will then be 
similar. 

For, since the side A B ia parallel to 
the side D E, and B C to E F, the angle 
ABC is equal to the angle DEF (Theo. XVHI. Bk. I.). 
Also, since -4 C is parallel tx) D F, the angle A C B ia equal 
to the angle D F E, and the angle B A C to E D F ; there- 
fore the triangles A B C, D E F sxe equiangular ; hence they 
are similar (Theo. XIII.). 

Again, let the two triangles 
ABC, DEF have the side 
DE perpendicular to the side 
AB, D F perpendicular to A C, 
and E F perpendicular to B C; 
these triangles are similar. 
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Produce F D till it meets AC at G ; then the angles 
D G Ay D E A o{ the quadrilateral A E D G ore two right 
angles; and since all the four angles are together equal to 
four right angles (Theo. XXI. Cor. 1,'Bk. I.), the remaining 
two angles, E D G, E A G, are together equal to two right 
angles. But the two angles E D G, E DFdj^e also together 
equal to two right angles (Theo. I. Bk. I.) ; hence the angle 
EDFis equal to E A G or B A C. 

The two angles, G F C, G C F, in. the right-angled trian- 
gle F G C, are together equal to a right angle (Theo. XIX. 
Cor. 1, Bk. I.), and the two angles G F C, 6? F £f are to- 
gether equal to the right angle E FC (26, Ax. 9) ; therefore 
GFEk equal to B CF, or D F E to B C A. Therefore 
the triangles ABC, D E F have two angles of the one equal 
to two angles of the other, each to each ; hence they are simi- 
lar (Theo. Xm. Cor.) 

Scholium. When the two triangles have their sides parallel, 
the parallel sides are homologous ; and when they have them 
perpendicular, the perpendicular sides are homologous. Thus, 
DE k homologous with A B, D F with A C, and E F with 
BC. 

Theorem XVn. 

210. In a rigjit-angled triangle, if a perpendicular is 
drawn from the vertex of the right angle to the hypothe- 
nuse, the triangle will be divided into two triangles similar 
to the given triangle and to each other. 

In the right-angled triangle ABC, 
from the vertex of the right angle 
i? ^ C, let ^ D be drawn perpendicu- 
lar to the hypothenuse B C ; then the 
triangles B AD, D AC will be simi- 
lar to the triangle ABC, and to each 
other. 

For the triangles BAD, B AC have the common angle 

8 
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B, the right angle BDA equal to the right angle B A C, 
and therefore the third angle, B A D, o{ the one, equal to the 
the third angle, C, of the other (Theo. XIX. Cor. 2, Bk. I.) ; 
hence these two triangles are equiangular, and consequently 
are similar (Theo. XIII.). In the same manner it may be 
shown that the triangles I> ^ C and i? X C are equiangular 
and similar. The triangles BAD and D AC, being each 
similar to the triangle jB -4 C, are similar to each other. 

211* Cor. 1. Each of the sides about a right angle is 
a mean proportional between the hypothenuse and the part of 
it which is cut off adjacent to that side by the perpendicular 
from the vertex of the right angle. 

For, the triangles BAD^BAC being similar, their homol- 
ogous sides are proportional ; hence 

BD:BA'.:BA:BC; 
and, the triangles D AC, B AC being also similar, 

DC'.ACi'.ACiBC; 
hence each of the sides AB, -4 C is a mean proportional be- 
tween the hypothenuse and the part cut off adjacent to that 
side. 

212* Cor, 2. The perpendicular from the vertex of the 
right angle to the hypothenuse is a mean proportional between 
the two parts into which it divides the hypothenuse. 

For, since the triangles AB D, ADC are similar, by com- 
paring their homologous sides we have 

BD: AD:: AD: DC; 
hence, the perpendicular il Z> is a mean proportional between 
the parts D B, D C into which it divides the hypothenuse 
BC 

Theorem XVIII. 

213 • Two triangles J having an angle in each equal, are 
to each other as the rectangles of the sides which contain 
the equal angles. 
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Let the two triangles ABC, A D E 
have the angle A in common; then will 
the triangle ABC be to the triangle 
ADE^ABxACtoADxAE. 

Join BE; then the triangles ABE, 
AD E, having ihe common vertex E, 
and their bases in the same line, A jB, 
have the same altitude, and are to each other as their bases 
(Thea VI. Cor.) ; hence 

ABE:ADE::AB:AD. 

In like manner, since the triangles ABC, ABE have 
the common vertex B, and their bases in the same line, A C^ 
we have 

ABC:ABE::AC:AE. 

By multiplying together the corresponding terms of these 
proportions, and omitting the common term ABE, we have 
(Theo. XI. Bk. IL), 

ABC:ADE::ABxAC:ADxAE. 

iU. Cor. If the reqtangles of the sides containing the 
equal angles were equivalent, the triangles would be equiva- 
lent. 

Theorem XIX. 

215* Similar triangles are to each other as the squares 
described on their homologous sides. 

Let ABC, DEFhe two similar 
triangles, and let AC, DF he homol- 
ogous sides ; then the triangle ABC 
will be to the triangle D E F os the 
square on -4 C is to the square on 
DF. 

For, the triangles being similar, -B E F 

they have their homologous sides proportional (172) ; there- 



AB:DE::AC:DF; 
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and multiplying the tenns of this proportion by the corre- 
sponding terms of the identical proportion, 

AC:DF::AC\DF, 
we have (Theo. XI. Bk. 11.), 

ABxACiDExDF:: Tcf : DF\ 

But, by reason of the equal angles A and D, the triangle 
^ jB C is to the triangle DEFs^ABxACktoDEx 
D F (Theo. XVIEL) ; consequently (Theo. IX. Bk. II.), 

ABCiDEF:: ACf : D~F^. 

Therefore, the two similar triangles A B Cy D E F sj^e to 
each other as the squares described on the homologous sides 
ACy D Fy or as the squares described on any other two 
homologous sides. 

Theorem XX. 

216* Similar polygons may be divided into the same 
number of triangles similar each to each, and similarly 
situated. 

Let ABC DEy 
FGHIKhetwo 

similar' polygons; 
they may be divided 
into the same num- 
ber of triangles sim- 
ilar each to each, 
and similarly situated. From the homologous angles A and F, 
draw the diagonals AC, AD and F H, F L 

The two polygons being similar, the angles B and G, which 
are homologous, must be equal, and the sides A B, B C must 
also be proportional to F G^, GH (172) ; that is, AB : FG 
::BC: GH. Therefore the triangles ABCyF 6? fiThave 
an angle of the one equal to the angle of the other, and the 
sides containing these angles proportional ; hence they are sim- 
ilar (Theo. XV.) ; consequently the angle B C A ia equal to 
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the angle G HF. These equal angles being taken from the 
equal angles BCD, GUI, the remaining angles AC D, 
F ITI will be equal (26, Ax. 3). But, since the triangles 
ABC, F G H 2^Q similar, we have 

AC:FH::BC: GH; 

and, since the polygons are similar (172), 

BC: GH: : CD, HI; 

hence (Theo. IX. Cor. 1, Bk. 11.), 

ACiFH: : CDiHL 

But the terms of the last proportion are the sides about the 
equal angles A CD, FHI; hence the triangles A CD, 
JF Hl&re similar (Theo. XV.). In the same manner, it may 
be shown that the corresponding triangles AD F, F IK are 
similar ; hence the similar polygons may be divided into the 
same number of triangles similar each to each, and similarly 
situated. 

217. Cor, Conversely, if two polygons are composed of 
the same number of similar triangles, and sim^ilarly situ-- 
ated, the two polygons are sifnilar. 

For the similarity of the corresponding triangles, give the 
angles ABC equal to F G H, B C A equal to G HF, and 
ACD equal to F HI; hence, BCD equal to G HI, like- 
wise CDF equal to HI K, &c. Moreover, we have 
AB:FG::BC: GH::AC:FH:: CD: HI, &c.; 
therefore the two polygons have their angles equal and their 
sides proportional ; hence they are similar. 

Theorem XXI. 

218. The perimeters of similar polygons are to each 
other as their 'homologous sides ; and their areas are to 
each other as the squares described on these sides. 

Let ABCD E, FG HIK be two similar polygons ; then 
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their perimeters are to each other as their homologous sides 
A B and F G, B C and G H, 4;c. ; and their areas are to 
each other ns AE^ 
is to F 6?^ BC^ 
to G~if, &c. 

First Since the 
two polygons are 
similar, we have JE 

A B : F G : : B C : G H : : C D : HI, &c. 

Now the sum of the antecedents AB, B C, CD, &c., which 
compose the perimeter of the first polygon, is to the sum of the 
consequents F G, G H, HI, &c., which compose the perime- 
ter of the second polygon, as any one antecedent is to its conse- 
quent (Theo. X. Bk. II.) ; therefore, as any two homologous 
sides are to each other, or as -4 i? is to -P 6r. 

Secondly. From the homologous angles A and F, draw the 
diagonals A C, AD and FH, FI Then, since the triangles 
A B C, F G H d^r^ similar, the triangle 

ABCiFGH:: Tcf ; FH ^ 
(Theo. XIX.); and, since the triangles A C D, F HI &re 
similar, the triangle ACDiFHI:: T& : FH^. But 
the ratio AC : F H is common to hoth of the proportions ; 
therefore (Theo. IX. Bk. II.), 

ABCiFGH: : ACDiFHI 

Bv the same mode of reasoning, it may be proved that 
ACD:FHI::ADE:FIK, 
and so on, if there were more triangles. Therefore the sum of 
the antecedents ABC, A C D, A D E, which compose the 
area of the polygon ABCDE,isU) the sum of the conse- 
quents F G H, F HI, F IK, -which compose the area of the 
polygon F G H IK, as any one antecedent 4 £ C is to its 
consequent FGH (Theo. X. Bk. II.), or as AB^ is to FG^ ; 
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bence the areas of similar polygons are to each other as the 
squares described on their homologous sides. 

219. Cor. 1. The perimeters of similar polygons are also 
to each other as their corresponding diagonals. 

220. Cor. 2. The areas of similar polygons are to each 
other as the squares described on their corresponding diago- 
nals. 

Theorem XXII. 

221. Regxdar polygons of the same number of sides are 
similar figures. 

Let ABCDEF, ^ ^ 

GHIKLMhetwo / \ L 
regular ^polygons of 
the same number of 
sides ; then these poly- 
gons are similar. 

For, since the two A B G H 

polygons have the same number of sides, they have the same 
number of angles ; and the sum of all the angles is the same 
in the one as in the other (Theo. XX. Bk. I.). Also, since 
the polygons are equiangular, each of the angles A, B, Cj &c, 
is equal to each of the angles G, H, i, &c. ; hence the two 
polygons are mutually equiangular. 

Again; the polygons being regular, the sides A B, B C, 
CD, &c. are equal to each other; so likewise are the sides 
GH,HI,IK,&c. Hence, 

AB: GH::BC:HI:: CD:IK,&c. 
Therefore the two polygons have their angles equal, and their 
homologous sides proportional ; hence they are similar (176). 

222. Cor. The perimeters of two regular polygons of the 
same number of sides are to each other as their homologous 
sides, and their areas are to each other as the squares of those 
sides (Theo. XXL). 
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223* Scholium. The angle of a regular polygon is deter- 
mined by the number of its sides (Theo. XX. Bk. L). 

Theorem XXIII. 

224* -4 circle may be circumscribed abatit, and another 
inscribed in, any regular polygon. 

Let A B CDEFGHhe any regu- 
lar polygon ; then a circle may be cir- 
cumscribed about, and another inscribed 
in it. 

Describe a circle whose circumference 
shall pass through the three points A, 

B, C, the center being O ; let fall the 
perpendicular O P from O to the mid- 
dle point of the side B C ; and draw the straight lines O A^ 
OB, OC, OD. 

Now, if the quadrilateral O P C D be placed upon the 
quadrilateral O P B A, they will coincide ; for the side O P 
is common, and the angle OP C m equal to the angle OP B, 
each being a right angle; consequently the side P C will fall 
upon its equal, P jB, and the point C on jB. Moreover, from 
the nature of the polygon, the angle P C D ia equal to the 
angle P BA ; therefore CD will take the direction B A, and 
C D being equal to J5 -4, the point D will fall upon A, and 
the two quadrilaterals will coincide throughout. Therefore 
OD ia equal to A O, and the circumference which passes 
through the three points A, JS, C, will also pass through the 
point D, By the same mode of reasoning, it may ba shown 
that the circle which passes through the three vertices i?, C, 
Z>, will also pass through the vertex JE, and so on. Hence, 
the circumference which passes through the three points A, B, 

C, passes through the vertices of all the angles of the. polygon, 
and is circumscribed about the polygon (134). 

Again, with respect to this circumference, all the sides, 
AB, B C, CD, &c., of the polygon are equal chords; conse- 
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quently they are equally distant from the center (Theo. VII. 
Bk. in.). Hence, if from the point O, as a center, and with 
the radius OP, b, circle be described, the circumference will 
touch the side B C, and all the other sides of the polygon, 
each at its middle point, and the circle will be inscribed in the 
polygon (136). 

225. Scholium, The point O, the common center of the 
circumscribed and inscribed circles, may also be regarded as 
the center of the polygon. The angle formed at the center 
by two radii drawn to the extremities of the same side is called 
the angle at the center ; and the perpendicular from the cen- 
ter to a side is called the apothegm of the polygon. 

226. Cor. 1. Since all the chords A B, B C, CD, &c. 

are equal, all the angles at the center must likewise be equal; 
therefore the value of each may be found by dividing four right 
angles by the number of sides of thepolygon. 

227. Cor, 2. If the inscribed polygon 
is a square, its side is to radius as the 
square root of 2 is to 1. 

For, draw the diagonals A C and B D, 
and they will intersect at the center O, 
forming right angles, at that point. The 
triangle AO B \s therefore right angled ; and is also isosceles. 

Hence (Theo. IX. Cor. 3), we have 

AB:AO.'W2'.l. 

Theorem XXIV. 

228. The side of a regular hexagon inscribed in a cir- 
cle is equal to the radium of the circle. 

Let AB C D E F bea regular hexagon inscribed in a cir- 
cle, the center of which is O ; then any side, dA B C, will be 
equal to the radius O A. 

, Join BO; and the angle at the center, ^ O ^ is one sixth 
of four right angles (Theo. XXIH. Cor, 1.), or one third of two 




Digitized by 



Google 



94 



BLEMENTABT GBOMETBY. 




right angles ; therefore the two other 
angles, OAB, 0£i4, of the same tri- 
angle, are together equal to two thirds 
of two right angles (Theo. XIX. Bk. 
L). Bat A O and B O being equal, 
the angles O A B, .O B A are also 
equal (Theo. YI. Bk. L); consequent- 
Ij, each is one third of two right angles. Hence the triangle 
AO B IB equiangular ; therefore A B, the side of the regular 
hexagon, is equal to ^ O, the radius of the circle (Theo. YII. 
Cor. Bk. I.). 

229* Cor. By joining the alternate angles of the inscribed 
regular hexagon by the straight lines AC, C E, E A, the 
figure ACE, thus inscribed in the circle, will be an equilat- 
eral triangle, since its sides subtend equal arcs, ABC, CDE, 
E FA, on the circumference (Theo. 11. Bk. UI.). 

Theorem XXV. 

230« The area of a regular polygon is equivalent to the 
product of its perimeter by half of the radius of the in- 
scribed circle. ^ 

Let ABCDEF be a regular 
polygon, and O the center of the in- 
scribed circle. 

From O let the straight lines O A, 
O B, &c. be drawn to the vertices of 
all the angles of the polygon, and the 
polygon will be divided into as many 
equal triangles as it has sides ; and let 
the radii O M, ON, &c. of the inscribed circle be drawn to the 
centers of the sides of the polygon, or to the points of tangency 
M, N, &c., and these radii are perpendicular to the sides re- 
spectively (Theo. VII. Cor. 1, Bk. III.) ; therefore the radius 
of the circle is equal to the altitude of the several triangles. 

Now, the triangle -A O jB is measured by the product of A B 




Digitized by 



Google 



BOOK IV. 95 

by half of O M (Theo. VI.) ; the triangle OBChj the prod- 
uct of JB C by the half of O N. But O Af is equal to O N; 
hence the two triangles taken together are measured by the 
sum o{ A B and JB C by half of O M. In like manner the 
measure of the other triangles may be found ; hence, the sum 
of all the triangles, or the whole polygon, is equal to the sum 
of the bases A B, B Cy &c., or the perimeter of the polygon, 
multiplied by half of OM, or half the radius of the inscribed 
circle. 

Theorem XXVI. 

231. The perimeters of two regular polygons, having 
the same numJber of sides, are to each other as the radii 
of the circumscribed circles, and, also, as the radii of the 
inscribed circles ; and their areas are to each other as the 
squares of those radii. 

Let 4 5 be a side of one polygon, 
O the center, and consequently OA 
- the radius of the circumscribed circle, 
and O M, perpendicular \xy A B, the^ 
radius of the inscribed circle. Let G H 
be a side of the other polygon, C the 
center, C G and CN the radii of the 
circumscribed and the inscribed circles. 

The perimeters of the two polygons are to each other as the 
sides A B and G.H (Theo. XXI.), but the angles A and G 
are equal, being each half of the angle of the polygon ; so' also 
are the angles J5 and H ; hence, drawing O B and C H, the 
isosceles triangles A B O, G H C Sbve similar, as are likewise 
the right-angled triangles A M O, G NC ; hence 

AB: GH::AO, GC:: MOiNa 
Hence the perimeters of the polygons are to each other as the 
radii A O, G C o( the circumscribed circles, and, also, as the 
radii M (), NC of the inscribed circles. 

The surfaces of these polygons are to each other as the 
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squares of the homologous sides A B, O H (Theo. XXI.) ; 
they are therefore to each other as the squares o{ A O, G C, 
the radii of the circumscribed circles, or as the squares of O Af, 
C N, the radii of the inscribed circles. 

Theorem XXVII. 

232. The surface of a regular inscribed polygon^ and 
that of a similar circumscribed polygon, being given ; to 
find the surfaces of regular inscribed and circumscribed 
polygons having double the num>ber of sides. 

Let ^ JS be a side of the given in- E P M Q F 
scribed polygon ; EF, parallel to ^ jB, 
a side of the circumscribed polygon, 
and C the center of the circle. Draw 
the chord A M, and the tangents A P, 
B Q; then A M will be a side of the 
inscribed polygon, having twice the 
number of sides; and P Q, the double 
of P Af, will be a side of the similar circumscribed polygon. 

Let A, then, be the surface of the inscribed polygon whose 
side \^ AB, B that of the similar circumscribed polygon; A' 
the surface of the polygon whose side is A Af, B^ that of ^he 
similar circumscribed polygon : A and E P M O F 
B are given; we have to find A' and 

First, The triangles ^Ci>,^ CM, 
whose common vertex is A, are to each 
other as their bases CD, CM (Theo. 
VI. Cor.); they are likewise as the 
polygons A and A' ; hence 

A: A' :: CD: CM. 
Again the triangles CAM, C M E, whose coromon vertex is 
M, are to each other as their bases C A, C E ; they are like- 
wise to each other as the polygons A and B ; hence* 

A'lBi: CA: C E. 
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But since A D and M E are parallel, we have, 

CD: CM: : CA: CE; 
hence 

A:A': : A' : B ; 
hence, the polygon A' is a mean proportional between the 
two given polygons, 

Secondly, The altitude C M being common, the triangle 
CPM'i^ to the triangle CPE as PM is to PE; but since 
CP bisects the angle M C E, yfe have (Theo. XII.), 

PM:PE:: CM:CE: :CD:CA: : A : A' ; 
hence 

CPM: CPE:: A: A'; 
and, consequently, 

CPM: CPM+CPE or CME: :A :A + A', 
But CMP A or 2 CMP and CME are to each other as 
the polygons B* and B ; hence 

B : B::2A:A+A'; 
which gives 

or, the polygon B' is equal to the quotient of twice the 
product of the given polygons divided by the sum of the 
inscribed polygons, 

ThuSj by means of the polygons A and jB, it is easy to find 
the polygons A' and jB , which have double the number of 



Theorem XXVIII. 

233. A circle being given, two similar polygons can 
always be formed, the one circum^scribed about the circle, 
the other inscribed in it, which shall differ from, each other 
by less than any assignable surface. 

Let Q be the side of a square less than the given surfetce. 
Bisect 4 C, a fourth part of the circumference, and then 
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bisect the half of this fourth, and so 
proceed until an arc is found whose 
chord AB iB less than Q. As this 
arc must be an e^pict part of the cir- 
cumference, if we apply the chords 
AB, BC, &c., each equal to AB, 
the last will terminate at A, and 
there will be inscribed in the circle 
a regular polygon, ABODE, &c. Next describe about the 
circle a similar polygon, G H I K L^ &c. ; and the difference 
of these two polygons will be less than the square of Q. 

Find the center, O ; from the points G and H draw the 
straight lines G O, HO, through the points A and B. Draw 
also O ilf to the point of tangency, M ; and it will bisect A B 
in N, and be perpendicular to it (Theo. V. Cor. 1, Bk. IH.). 
Produce A O to E, and draw B E. 

Let P represent the circumscribed polygon, and p the in- 
scribed polygon. Then, since these polygons are similar, they 
are as the squares of the homologous sides G H, AB (Theo. 
XX.) ; but the triangles G O H, A O B are similar (Theo. 
XV.) ; hence they are to each other as the squares of the 
homologous sides O G and O A (Theo. XIX.) ; therefore 

P:p:: OG"" : OT or 0M\ 

Again, the triangles OG M, E AB, having their sides 
respectively parallel, are similar ; therefore 

P :p': : CTG^ : OM^ : : AE^" : WE^ ; 

and by division, 

P : P—p : : AE"" : AE^ — EB" or TB^. 

But P is less than the square described on the diameter 
A E ; therefore P — p is less than the square described on 
A B, that is, less than the given square Q. Hence, the dif- 
ference between the circumscribed and inscribed polygons may 
always be made less than any given surface. 

234* Cor. Since the circle is obviously greater than any 
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inscribed polygon, and less than any circumscribed one, it 
follows that a polygon may be inscribed or circumscribed^ 
which will differ from, the circle by less than any assignee 
ble magnitude. 

Proposition XXIX. 

235, To find the apjproxim^ate area of a circle whose 
radius is unity. 

Let the radius of the circle be 1, and let the first inscribed 
and circumscribed polygons be squares ; the side of the in- 
scribed square will be ^2 (Theo. XXIII. Cor. 2), and that of 
the circumscribed square will be equal to the diameter 2. 
Hence the sur&ce of the inscribed square is 2, and that of the 
circumscribed square is 4. Let, therefore, A = 2, and B = 4. 
Now it has been proved, in Theorem XXVII., that the surface 
of the inscribed octagon, or, as it has been represented, ^ , is a 
mean proportional between the two squares A and J5, so that 
A' = Vg = 2.8284271 ; and it has also been proved, in the 
same proposition, that the circumscribed octagon, represented by 

9 J.V 7? Ifi 

B\ = i^^- ; SO that B' = — -^ =z 3.3137085. The 

inscribed and the circumscribed octagons being thus deter- 
mined, we can easily, by means of them, determine the poly- 
gons having twice the number of sides. We have only in this 
case to put ^ = 2.8284271, 5 z= 3.3137085 ; and we shall 

find A' = VTxB = 3.0614674, and B' = ^P4 = 

A-]- A' 

3.1825979. 

In like manner may be determined the area of polygons of 
sixteen sides, and thence the area of polygons of thirty-two 
sides, and so on till we arrive at an inscribed and a circum- 
scribed polygon differing so little from each other, and conse- 
quently from the circle, that the diflference shall be less than 
any assignable magnitude (Theo. XXVII. Cor.). 

The numerical expression for the surface, of these polygons 
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of 82768 sides, agreeing as far as the seyenth order of deci- 
mals, is 8.1415926. 

As the circle is between the inscribed and circumscribed 
polygon of 82768 sides, it cannot, strictly speaking, differ from 
either so much as they do from each other ; so that the num- 
ber 8.1415926 expresses the area of a circle whose radius is 
1 correctly, as far as seven orders of decimals. 

236. Cor, Since the inscribed and circumscribed polygons 
are regular, and have the same number of sides, they are simi- 
lar (Theo. I ) ; therefore, by increasing the number of the 
sides, the corresponding polygons formed will approach to an 
equality with the circle. Now if, by continual bisections, the 
polygons formed shall have their number of sides indefinitely- 
great, each side will become indefinitely small, and the in- 
scribed and circumscribed polygons will ultimately coincide 
with each other. But when they coincide with each other, 
they must each coincide with the circle, since no part of an in- 
scribed polygon can be without the circle, nor can any part of 
a circimiscribed one be within it ; hence, the perimeters of the 
polygons must coincide with the circumference of the cir- 
cle^ and be equal to it, 

237 • Scholium, Every circle, therefore, may be regarded 
as a polygon of an infinite number of sides. 



Theorem XXX 

238. The circumferences of circles are to each other as 
their radii, and their areas are to each other as the squares 
of their radii. 

Let C denote 
the circumfer- 
ence of one of 
the circles, H 
its radius O A, 
A its area; and 
let C" denote the 
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circumference of the other circle, r its radius OB, -4' its area; 
then will 

and A:A' :: R^: r^. 

Inscribe within the given circles two regular polygons of the 
same number of sides ; and, whatever be the number of sides, 
the perimeters of the polygons will be to each other as the radii 
^ A and O B (Theo. XXVL). Now, conceive the arcs sub- 
tending the sides of the polygon to be continually bisected, 
forming other inscribed polygons, until polygons are formed 
of an indefinite number of sides, and therefore having perime- 
ters coinciding with the circumference of the circumscribed 
circles (Prop. XXIX. Cor.) ; and we shall have 
C'.C i.R.r. 

Again, the areas of the inscribed polygons are to each other 
as Ol? to OlB^ (Theo. XXVI.). But when the number of 
sides of the polygons is indefinitely increased, the areas of the 
polygons become equal to the areas of the circles ; hence we 
shall have 

AiA'.iR^ir^. 

239. Cor. 1. The circumferences of circles are to each 
other as twice their radii, or as their diameters. 

For, multiplying the terms of the second ratio in the first 
proportion by 2, we have 

C.O ::2R :2r. 

240. Cor, 2. The areas of circles are to eacn other as the 
squares of their diameters. 

For, multiplying the second ratio of the second proportion 
by 4, or 2 squared, we have 

A: A' ::4jR2:4r2. 

Theorem XXXI. 

241. Similar arcs are to each other as their radii; and 
similar sectors are to each other as the sqtmres of their 
rctdii. 

9* 
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Let AB, DEhe similar arcs ; -4c- 
AC B, DOE, similar sectors ; 
and denote the radii CA and OD 
by R and r ; then will 

Ah:DE::R:r, 
and ACB:DOE::R^:7^. 

For, since the arcs are similar, the angle C is equal to the 
angle O (175). But the angle C is to four right angles as 
the arc 4 £ is to the whole circumference described with the 
radius CA (Theo. IX. Sch. 2, Bk. III.) ; and the angle O is 
to four right angles as the arc D E is U) the circumference 
described with the radius O D. Hence, the arcs A B, D E 
are to each other as the circumferences of which they form 
a part. But these circumferences are to each other as their 
radii, C A, O D (Theo. XXX.); therefore 
ArcAB:ArcDE::R:r. 

By like reasoning, the sectors A C B, D O E are to each 
other as the whole circles of which they are a part ; and these 
are the squares of their radii (Theo. XXX.) ; therefore 
Sector ACB : Sector D O E : : R^ : r^. 



Theorem XXXII. 

242. The area of a circle is equal to the product of the 
circumference by half the radius. 

Let C denote the circumference of the 
circle, whose center is O, R its radius 
O Aj and A its area ; then will 

A=:CxiR' 

For, inscribe in the circle any regular 
polygon, and from the center draw O P 
perpendicular to one of the sides. The 
area of the polygon, whatever the number of sides, will be 
equal to its perimeter multiplied by half of OP (Theo. 
XXV.). Conceive the arcs subtending the sides of the pol^- 
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gon to be continually bisected, until a polygon is formed hav- 
ing an indefinite number of sides ; its perimeter will be equal 
to the circumference of the circle (Theo. XXIX. Cor.), and 
O P be equal to the radius O A ; therefore the area of the 
polygon is equal to that of the circle ; hence 

243. Cor. 1. The area of a sector is 
equal to the product of its arc by half of 
its radius. 

For, let C denote the circumference of 
the circle of which the sector D O E is 
a part, R its radius OD, and A its area ; 
then we shall have (Theo. IX. Sch. 2, 
Bk. III.), 

Sector DOE :A:: ArcDEiC; 
hence, since equimultiples of two magnitudes have the same 
ratio as the magnitudes themselves (Theo. VIII. Bk. II.), 
Sector DOE : A:: ArcDE xiRiCXiR. 

But A, or the area of the whole circle, is equal to CxiR; 
hence the area of the sector D O E ia equal to the arc D E 

244. Cor. 2. Let the circumference of the circle whose 
diameter is unity be denoted by n (which is called pi), the 
radius by R, and the diameter by D ; and the circumference 
of any other circle by C, and its area by A, Then, since cir- 
cumferences are to each other as their diameters (Theo. XXX. 
Cor. 1), we shall have, 

CiDimil] 
therefore 

C=DX' = 2RX7:. 
Multiplying both numbers of this equation by J R, we have 

CXiR = R^X7:, or A = R^X^', 
that is, the area of a circle is equal to the product of the 
square of its radius by the constant number tt. 
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« 

245. Cor, 3. The circumference of every circle is equal 
to the product of its diameter, or twice its radius, by the con- 
stant number t., 

246* Cor, 4. The constant number n denotes the ratio of 

Q 

the circumference of any circle to its diameter ; for — = r. 

247. Scholiurn: The exact numerical value of the ratio 
denoted by ?r can be only approximately expressed. The ap- 
proximate value found by Proposition XXIX. is 3.1415926 ; 
but, for most practical purposes, it is sufficiently accurate to 
take r = 8.1416. The symbol ^ is the first letter of the Greek 
word Tcepifurpav^ perimetron, which signifies circumference. 

PROBLEMS IN CONSTRUCTION. 

248. The following Problems depend, upon the applica- 
tion of principles established in what has preceded, for solu- 
tion : — 

Problem I. To constrtict a rectangle tliat shall be 
equivalent to a given triangle. 

Let ABC he the given triangle. 

Draw the indefinite straight line 
C D parallel to the base AB; bi- 
sect -4 JB by the perpendicular E Fy 
and make E G equal to F B, 
Then, by drawing G B, the rectan- 
gle E F BG is equal to the trian- 
gle ABC, 

For the rectangle E F B Ghnaihe same altitude, E F, bs 
the triangle ^ -B C, and half its base (Theo. II. Cor. 1, Bk. 
IV.). 

Problem II. To divide a given straight line into any 
number of equal parts. 

Let A B he the given straight line proposed to be divided 
into any number of equal parts ; for example, six. 
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A D 



B 



Through the extremity A draw 
the indefinite straight line A E, 
making any angle with A B, 
Take A C of any convenient 
length, and apply it six times 
upon A E. Join the last point 
of division, E^ and the extremity B'hy the straight line E B ; 
and through the point C draw CD parallel to E B ; then 
A D will be the sixth part of the line A B, and, being applied 
six times to A B, divides it into six equal parts. 

For, since C D is parallel to E B, in the triangle ABE, 
-we have the proportion (Theo. X. Bk. IV.), 
AD:AB::AC:AE. 
But ^ C is the sixth part o{ A E ; hence ^ Z> is the sixth 
part o{ AB. 

Problem HE. To divide a given straight line into parts 
that shall be proportional to other given lines. 

Let -4 -B be the given straight 
line proposed to be divided into 
parts jMToportional to the given lines 
AC, CD, DE. 

Througk the point A draw the 
indefinite straight line A E, making 
any angle with A B, On A E lay 

off AC, CD, and D E. Join the points E and B by the 
straight line E B, and through the points C and D draw CG 
and D H parallel to E B ; and the line A B will be divided 
into parts proportional to the given lines. 

For, since C G and D H are each parallel to -B JB, we have 
the proportion (Theo. X. Cor. 2, Bk. IV.), 

AC: AG:: CD:GH:DE:HB. 

Problem IV. To find a mean proportional between two 
given straight lines. 

Draw the indefinite straight line A B. On A B take A C 
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7 



A E 



equal to the first of the given lines, and 

C B equal to the second. On -4 fi, as 

a diameter, describe a semicircle, and at 

the point C draw the perpendicular 

C Dy meeting the semi-circumference 

in D ; then, in the triangle A D B, 

will CD be a mean proportional to -4 C and C B (Theo. 

XVn. Cor. 2, Bk. IV.). 

Problem V. To construct a square that shall be equiva- 
lent to a given paralletogramy or to a given triangle. 

First, Let ABCD be the given D 

parallelogram, ^ £ its base, and D E its /"" 
altitude. / 

Find a mean proportional between A B 
and D E (Prob. IV.) ; and the square 
constructed on that proportional will be equivalent to the par- 
allelogram ABCD, 

For, denoting the mean proportional by jry, we have^ by 
construction, 

AB'.xy. :xy : DE; 
therefore, 

Ty' = ABy.DE; 
but >4 i? X -D -B is the measure of the parallelogram, and Ic^ 
that of the square ; hence they are equivalent 

Secondly, Let A B C he the given tri- 
angle, B C its base, and ^ Z> its altitude. 

Find a mean proportional between B C 
and the half of A D, and let x y denote 
that proportional ; the square constructed 
Ni xy will be equivalent to the triangle 
ABC, 

For since, by construction, 

BCixy ::xy:^ADy 




<t follows that 



xy''z=iBCx^AD; 



Digitized by 



Google 



BOOK IV. 



107 




hence the square constructed on xy is equivalent to the trian- 
gle ABa 

Problem VI. Upon a given straight line to construct a 
polygon similar to a given polygon. 

Let ABODE 

be the given poly- 
gon, and F G the 
given straight line. 

Draw the diago- 
nals AC, AD. At 
the point F in the 
straight line F G make the angle G F H equal to the angle 
B AC ; and at the point G make the angle F G H equal to 
the angle ABC. The lines F H, G H will cut each other 
in H, and F G H will be a triangle similar \jq A B C. In the 
same manner, upon F jH, homologous to -4 C, construct the 
triangle F /iST similar to A D C ; and upon F I, homologous 
to ^ Z>, construct the triangle FIK similar to A D E. 
The polygon F G HIK will be similar Xo ABCDE,z& 
required. 

For these two polygons are composed of the same number of 
triangles, similar each to each, and similarly situated (Theo. 
XX. Cor., Bk. IV.). 

Problem Vn. To inscribe a square in a given circle. 

Draw two diameters, AC, B D, intersecting each other at 
right angles; join their extremities. A, B, C, JD, and the 
figure ABCD will be a square. 

For, the angles A O B, B O C, &c. be- 
ing equal, the chords AB, B C, &c. are 
also equal (Theo. 11. Bk. HI.) ; and thei 
angles ABC, BCD, &c., being inscribed 
in semicircles, are right angles (Theo. X. 
Cor. 2, Bk. in.). Hence A B C D is o, 
square, and it is inscribed in the circle ABCD. 




Digitized by 



Google 



108 



ELEMENTARY GEOMETRY. 



Problem VIH. To inscribe a hexagon in a given circle. 

Begin with point Ay and apply the 
radius, A O, of the circle six times as a 
chord to the circumference, we are brought 
round to the point of beginning, and the 
inscribed figure A B C D E F, thus 
formed, is a regular hexagon. 

Cor, Join the alternate angles of the 
inscribed regular hexagon by the straight 
lines ACy C E, E Ay the figure ACE, thus inscribed in 
the circle, will be an equilateral triangle, since its sides subtend 
equal arcs, ABC, C D E, E F A, on the circumference 
(Theo. 11. Bk. HI.). 




EXERCISES 



FOR ORIGINAL THOUGHT, ON REVIEW. 

249* 1* Equivalent triangles upon the same base, and upon 
the same side of a straight line, are between the same parallels. 

2. The perimeter of an isosceles triangle is greater than the 
perimeter of a rectangle, which is of the same altitude with, 
and equivalent to, the given triangle. 

8. If the sides of the square described upon the hypothenuse 
of a right-angled triangle be produced to meet the sides (pro- 
duced if necessary) of the squares described upon the other two 
sides of the triangle, the triangles thus formed will be similar 
to the given triangle, and two of them will be equal to it. 

4. Li any triangle, if a line be 
drawn parallel to the base, all the 
lines drawn from the vertex will 
divide the parallel and the base pro- 
portionally. 

5. A square circumscribed about 
a given circle is double a square in- 
scribed in-the same circle. 
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6. Straight lines drawn from the vertices of a triangle, so as 
to bisect the opposite sides, bisect also the triangle. 

7. The side of a square circumscribed about a circle is equal 
to the diagonal of a square inscribed in the same circle. 

8. To describe a circle in a square. 

9. To construct a rectangle that shall be equivalent to a 
given triangle. 

10. To find the side of a square that shall be equivalent to 
the sum of two given squares. 

. 11. A regular inscribed polygon 
being given, to circumscribe a simi- 
lar polygon about the same circle. 

12. A regular circumscribed poly- 
gon being given, to inscribe a similar 
polygon within the same circle. 
10 * 
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PLANES AND POLYEDRONS. 

DEFINITIONS. 

250. A Straight line is perpen- A 

dicular to a plane, when it is per- 
pendicular to every straight line 
which it meets in that plane. 

Conversely, the plane, in the same 
case, is perpendicular to the line. 

The Foot of the perpendicular is the point in which it meets 
the plane. 

Thus the straight line A B is perpendicular to the plane 
M N ; the plane M N ha perpendicular to the straight line 
A B ; and B is the foot of the perpendicular A B, 

25L A line is parallel to a plane, when it cannot meet the 
plane, however far both of them may be produced. 

Conversely, the plane, in the same case, is parallel to the 
line. 

252. Two planes are parallel to each other, when they 
cannot meet, however far both of them may be produced. 

253. A Diedral Angle is an 
angle formed by the intersection 
of two planes, and is measured 
by the inclination of two straight 
lines drawn from any point in the 
line of intersection, perpendicular 
to that line, one being drawn in 
each plane. 

* Books y. and VI. oan be omitted. 
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The line of common section is 
called the edge^ and the two 
planes are called the feces, of the 
diedral angle. 

Thus the two planes ABM, 
A B iV, whose line of intersection 
is A B, form a diedral angle, of 
which the line AB is the edge, 
aAd^the planes ABM, AB Nbj^q the &ces. 

254. A diedral angle may be acute, right, or obtuse. 

If the two faces are perpendicular to each other, the angle is 
right. 

255. A Polyedral Angle is an 
angle formed by the meeting at one 
point of more than two plane angles, 
which are not in the same plane. 

The common point of meeting of 
the planes is called the vertex, each 
of the plane angles a face, and the 
line of common section of any two of 
the planes an edge of the polyedral angle. 

Thus the three plane angles A S B, B S C, C SA form a 
polyedral angle, whose vertex is S, whose faces are the plane 
angles, and whose edges are the sides, AS, B S, C S, of the 
same angles. 

256. A polyedral angle formed by three feces is called a 
triedral angle; by four faces, a tetraedral; by five faces, a 
pentaedral, &c. 

257« A Polyedron is a solid, or volume, bounded by 
planes. ^ 

The bounding planes are called the faces of the polyedron ; 
and the lines of intersection of the faces are called the edges 
of the polyedron. 

258. A Prism is a polyedron having two of its faces equal 
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and parallel polygons, and the other faces 
parallelograms. 

The equal and parallel polygons are 
called the bases of the prism, and the par- 
allelograms its lateral &ces. The lateral 
faces taken together constitute the lateral 
or convex surface of the prism. 

Thus the polyedron ABCDE-Kia 
a prism, having for its bases the equal and 
parallerpolygons ABODE, FG HIK, and for ita lateral 
feces the parallelograms A B G F, B C H G, &c. 

The principal edges of a prism are those ^hich join the 
corresponding angles of the bases ; ns A F, B G, &;c. 

259. The Altitude of a prism is a perpendicular drawn 
from any point in one base to the plane of the other. 

260. A Bight Prism is one whose principal edges are 
perpendicular to the planes of its bases. Each of the edges 
is then equal to the altitude of the prism. Every other prism 
is oblique, and has each edge greater than the altitude. 

261. A prism is triangular, quadrangular, pentangular, 
hesafigular, &c., according as its base is a triangle, a quadri- 
lateral, a pentagon, a hexagon, &c. „ 

262. A Pajrallelopipedon is a prism 
whose bases are parallelograms ; as the prism 
ABCD-H, 

The parallelopipedon is rectangular when 
all its faces are rectangles ; as the parallelo- 
pipedon ^ i? C Z> - ff. 



263. A Cube, or Regular Hexae- 
dron, is a rectangular parallelopipedon 
having all its feces equal squares ; as the ^ 
parallelopipedon A B C D-H. 
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264. A Pyramid is a polyedron of which 
one of the faces is any polygon, and all the oth- 

. ers are triangles meeting at a common point. . 

The polygon is called the base of the pyra- /, 

mid, the triangles its lateral faces^ and the / / 
point at which the triangles meet its vertex, j^/ '^ 
The lateral faces taken together constitute the ^"^^-..IX 
lateral or convex surface of the pyramid. 

Thus the polyedron A B C D E-S isa pyramid, having 
for its base the polygon ABODE, for its lateral faces the 
triangles A S B, B S C, C S D, &c., and for its vertex the 
point S. • 

265. The Altitude of a pyramid is a perpendicular drawn 
from the vertex to the plane of the base. 

266. A pyramid is triangular, quadrangular, &c., ac- 
cording as its base is a triangle, a quadrilateral, &c. 

267. A Right Pyramid is one whose base is a regular 
polygon, and the perpendicular drawn from the vertex to the 
base passes through the center of the base. In this case the 
perpendicular is called the axis of the pyramid. 

268. The Slant Height of a right pyramid is a line 
drawn from the vertex to the middle of one of the sides of the 



269. A Frustum of a pyramid is the part of the pyramid 
included between the base and a plane cutting the pyramid 
parallel to the base. 

270. The Altitude of the frustum of a pyramid is the 
perpendicular distance between its parallel bases. 

27L The Slant Height of a frustum of a right pyramid 
is that part of the slant height of the pyramid which is inter- 
cepted between the bases of the frustum. 

272. The Axis of the frustum of a pyramid is that of the 
axis of the pyramid which is intercepted between the bases of 
the frustum. 

10* 
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273* The Diagonal of a polyedron is a line joining the 
vertices of any two of its angles which are pot in the same face. 

274. Similar Polyedrons are those which are bounded- 
by the same number of similar faces, and have their polyedral 
angles respectively equal 

275. A Regular Polyedron is one whose faces are all 
equal and regular polygons, and whose polyedral angles are all 
equal to each other. 

276. The Volume of a polyedron is its measured magni- 
tude, or the number of times it contains some other polyedron 
as a unit. 




Theorem I. 

277* Two straight lilies which intersect each other lie 
in the same plane and determine its position. 

Let ^ -B, -4 C be two straight lines 
which intersect each other in A ; then 
these lines will be in the same plane. 

Conceive a plane to pass through A B, 
and to be turned about A B, until it pass 
through the point C ; then, the two 
points A and C being in this plane, the line A C lies wholly 
in it (Art. 7). Hence, the position of the plane is determined 
by the condition of its containing the two straight lines A B, 
AC. 

278. Cor, 1. A triangle, AB C,ot three points, -4, B, C, 
not in a straight line, determine the position of a plane. 

279. Cor, 2. Hence, also, two 
parallels, AB, CD, determine the 
position of the plane ; for, drawing 
the secant E F, the plane of the 
two straight lines AB, E F is that 
of the parallels A B, C D. 
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Theorem n. 

280. Oblique lines drawn from a point to a plane at 
equal distances from a perpendicular drawn from, the same 
point to it, are equal ; and of two oblique lines unequally 
distant from, the perpendicular, the m>ore rem^ote is the 
longer. 

Let ABhQ perpendicular to 
the plane MN; and A C, A D, 
AE hQ oblique lines, from the 
point A, meeting the plane at 
equal distances, B C, B D, 
BE, from the perpendicular; 
and AF 2k line meeting the 
plane more remote from the perpendicular ; then will A C, 
AD, A E be equal to each other, and ^ -P be longer than 
AC. 

For, the angles ABC, ABD, ABE being right angles, 
and the distances B C, B D, B E being equal to each other, 
the triangles ABC, ABD, ABE have in each an equal 
angle contained by equal sides; consequently they are equal 
(Theo.IV.Bk. L) ; therefore, the hypothenuses, or the oblique 
lines A C, AD, A E, are equal to each other. 

In like manner, since the distance BF\a greater than B C, 
or its equal B E, the oblique line A F must be greater than 
A E, or its equal A C (Theo. X. Bk. L). 

281. Cor. All the equal oblique lines A C, A D, A E, 
&c. terminate in the circumference of a circle, C D E, de- 
scribed from B, the foot of the perpendicular, as a center; 
therefore, a point. A, being given out of a plane, the point B, 
at which the perpendicular let fall from it would meet that 
plane, may be found by taking upon the plane three points, C, 
D, E, equally distant from the point A, and then fmding the 
center of the circle which passes through these points; this 
center will be the point B required. 
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Theorem in. 

282. If a straight line without a plane is parallel to a 
line within the plane, it is parallel to the plane. 

Let the straight line A J5, without 
the plane MN, he parallel to the 
line C D in that plane; then will 
-4 JB be parallel to the plane M N. 

Conceive a plane A B CD to pass 
through the parallels AB^ CD, 
Now, if the line A JS, which lies in the plane ABC D, could 
meet the plane M N, it could only be in some point of the line 
C Z>, the common section of the two planes ; but the line A B 
cannot meet C £>, since they are parallel (14) ; therefore it 
will not meet the plane M N ; hence it is parallel to that plane 
(251). 

Theorem IV. 

283. If two parallel planes are cut by a third plane, the 
two intersections are parallel. 

Let the two parallel planes MN 
and P Q be cut by the plane 
EFGH, and let their intersec- 
tions with it be E F, GH; then 
JE? F is parallel to G H, 

For, if the lines E F, G H, lying 
in the same plane were not parallel, 
they would meet each other on being 

produced ; therefore the planes M N, P Q, in which those 
lines are situated, would also meet, which is impossible, since 
these planes are parallel. 

Theorem V. 

284. Parallel straignt lines included between two par- 
allel planes are equal. 
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Let EF, GH he two parallel K/ 
straight lines, included between ' /_ 
two parallel planes, MN, PQ; 
then E F and O H dire equal. 

For, through the parallels E F, ^j 
G H conceive the plane E FG H / 

to pass, intersecting the parallel L 

planes in E G^ F H. The intersections E G, FH are par- 
allel to each other (Theorem IV.) ; and E F, G H sLre also 
parallel ; consequently the figure E FG Hiss, parallelogram ; 
hence E F ia equal to G H (Theo. XXII. Bk. I.). 

Thbobbm VI. 

285. If two angles not in the same plane have their 
sides parallel and lying in the same direction, these an- 
gles will be equal, and their planes will be parallel. 

Let BAC, EDF he two tri- 
angles, lying in different pl9nes, 
MN and P Q, having their sides 
parallel and lying in the same 
direction ; then the angles B AC, 
EDF will be equal, and their 
planes, M iV, P Q, be parallel. 

For, take A B equal to E D, and A C equal to D F; and 
join B C, E F, B E, A D, C F. Since A B is equal and 
parallel to E D, the figure ABED is a parallelogram 
(Theo. XXIV. Bk. I.) ; therefore 
A D k equal and parallel to B E, 
For a similar reason, C F h equal 
and parallel to AD ; hence, also, 
B E ia equal and parallel to C F; 
hence the figure B CFE is2L par- 
allelogram, and the side B C m 
equal and parallel to E F ; therefore the triangles B A C, 
EDF have their sides equal, each to each ; hence the angle 
BACia equal to the angle EDF. 
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Again, the plane B AC is parallel to the plane E DP. 
For, if not, suppose a plane to pass through the point A^ par- 
allel to E D F, meeting the lines BE, C -P, in points differ- 
ent from B and C, for instance O and H. Then the three 
lines GE, AD, HP will be equal (Theo. T.). But the 
three lines B E, AD, C P are already known to be equal ; 
hence B E is equal to O E, and HP is equal to C P, which 
is absurd ; hence the plane J5 ^ C is parallel to the plane 
EDP. 

286. Cor. K two parallel planes, MN, P Q, are met by 
two other planes, ABED, AC P D, the angles B ACj 
EDP, formed by the intersections of the parallel planes, are 
equal ; for the intersection A B is parallel to E D, and A C 
to D P (Theo. IV.) ; therefore the angle JB ^ C is equal to 
the angle EDP. 

Theorem Vn. 

287. If three straight lines not in the same plane are 
equal and parallel, the triangles formed by joining the 
extremities of these lines will be equal, and their planes 
will be parallel. 

Let BE, AD, C P he three 
equal and parallel straight lines,, 
not in the same plane, and let 
BAC, EDP he two triangles 
formed by joining the extremities 
of these lines ; then will these tri- 
angles be equal, and their planes parallel. 

For, since B E is equal and parallel to AD, the figure 
ABED is a parallelogram ;^iience, the side A B is equal 
and parallel to D E (Theo. XXIV. Bk. I.). For a like rea- 
son, the sides B C, E P nre equal and parallel ; so also are 
AC, D P ; hence, the two triangles B AC, E D P, having 
their sides equal, are themselves equal (Theo. XHI. Bk. I.) ; 
consequently, as shown in the last proposition, their planes are 
parallel. 
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Theorem Vni. 

288, If two straight lines are cut by three parallel 
planes^ they will be divided proportionally. 

Let the straight line A B meet the 
parallel planes M N, P Q, R S, at 
the points A^ E, B; and the straight 
line CD meet the same planes at the 
points C, -P, D ; then will 

AE: EB:: C F : F D. 
Draw the line A /?, meeting the 
plane P Q in 6r, and draw AC, EG, 
B D, Then the two parallel planes P Q, R S, being cut by 
the plane A B D, the intersections E O, B D are parallel 
(Theo. IV.) ; and, in the triangle A B D, vfe have (Theo. X. 
Bk. IV.), 

AE:EB::AG: G D. 
In like manner, the intersections AC, G F being parallel, 
in the triangle ADC,Yfe have 

AGiGD: :CF:FD; 
hence, since the ratio AGiGD is common to both propor- 
tions, we have 

AE: EB: : C F : F D. 

Theorem IX. 

289. The convex surface of a right prism is equal to 
the perimeter of its base m,ultiplied by its altitude. 

Let ABCDE-Khes, right prism ; then will its convex 
sux&ce be equal to the perimeter of its base, 

AB+BC+CD+DE+EA 
multiplied by its altitude A P. 

For, the convex surface of the prism is equal to the sum of 
the parallelograms AG, B H, CI, D K, E F (258). Now, 
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the area of each of those parallelograms is 
equal to its base, AB^ B C, CD, &c., 
multiplied by its altitude, AF, BG, CH, 
&c. (Theo. V. Bk. IV.). But the alti- 
tudes AP, B G, C H, &c. are each 
equal to ^ i^, the altitude of the prism. 
Hence, the area of these parallelograms, 
or the convex surface of the prism, is 
equal to 

{AB + BC+CD + DE + EA)XAF; 
or the product of the perimeter of the prism by its altitude. 

290. Cor. If two right prisms have the same altitude, 
their convex sur&ces are to each other as the perimeters of 
their bases. 

Theorem X. 

291. I^n every prism, the sections formed by parallel 
planes are equal polygons. 

Let the prism A B CDE-K be 
intersected by the parallel planes NP, 
S V; then are the sections NOPQ R, 
STVXY equal polygons. 

For the sides ST, NO are parallel, 
being the intersections of two parallel 
planes with a third plane ABGP 
(Theo. IV.) ; these same sides iS T, 
NO, are included between the paral- 
lels N S, O T, which are sides of the 
prism ; hence iV O is equal to S T. 
For like reasons, the sides O P, P Q, 
Q R, &c. of the section iV O P Q jR, are respectively equal 
to the sides TV, VX,XY, &c. of the section STVX Y; 
and since the equal sides are at the same time parallel, it follows 
that the angles NOP, O P Q, &c. of the first section are 
respectively equal to the angles S T V, T F-X" of the second 
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(Theo. VI.). Hence, the two sections NOPQR,ST VX Y, 
are equal polygons. 

292, Cor. Every section made in a prism parallel to its 
base, is equal to that base. 

Theorem XI. 

293, Prisms having equivalent bases and equal alti- 
tudes are equivalent. 



R 



M 



N O 



Let E-ABCD and /-. — j^E 

R-MNOP Q he two 

prisms having equivalent 
bases and equal altitudes; 
then they are equivalent. 

For, any sections made by /" [7 ^ 

planes respectively parallel j^ 

to the bases A B C D and 

iVfiV OP Q, are equivalent to those bases (Thep. X.); and 
these latter are equivalent to each other by hypothesis. Now 
the prisms may be regarded as being made up of sections paral- 
lel to their bases, and of the same number in each imit of height ; 
then, since the altitudes of the prisms are equal, the number of 
tiers of the sections in each prism must be equal ; therefore, 
the prisms must be equivalent. 

294. Cor. Any prism is equivalent to a right prism hav- 
ing an equivalent base and equal altitude. 

Theorem XII. 

295. Two rectangular parallelopipedons, which have 
the same base, are to each other as their altitudes. 

Let the two parallelopipedons AG, AL have the same base, 
ABC D ; then they are to each other as their altitudes, ^ -B, 
A I. 

First. Suppose the altitudes A E, A 1 are to each other as 
two whole numbers ; for example, as 15 is to 8. Divide A E 
11 
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into 15 equal parts, of which A I will con- 
tain 8. Through x, y, z, &c., the points 
of division, conceive planes to pass parallel 
to the common base. These planes will 
divide the solid A O into 15 small paral- 
lelopipedons, all equal to each other, hav- 
ing equal bases and equal altitudes ; equal 
bases, since every section, as I K L M^ 
parallel to the base AB C D^ is equal to 
that base (Theo. X.), and equal altitudes, 
since the altitudes are the equal divisions 
Ax^ xy^y z^ &c. But of those 15 equal parallelopipedons, 8 
are contained in AL ; hence the parallelopipedon A G is to 
the parallelopipedon AL as 15 is to 8, or, in general, as the 
altitude .^ £ is to the altitude A I. 

Secondly. If the ratio of -4 £ to A I cannot be exactly 
expressed by numbers, we shall still have the proportion, 

Solid A G : Solid A L ::AE:AL 
For, if this proportion is not correct, suppose we have 

Solid A G : Solid AL: : AE : AO greater than A L 
Divide A E into equal parts, each of which shall be less than 
lO ; there will be at least one point of division, w, between 
/ and O. Let P represent the parallelopipedon, whose base is 
A B C D, and altitude Am; since the altitudes A E^ Am 
are to each other as two whole numbers, we shall have 

Solid AG: P : : AE :Am, 
But, by hypothesis, we have 

Solid A G : Solid AL::AE:AO; 
hence (Theo. IX. Cor. 2, Bk. IL), 

Solid A L: P : :AO: Am. 
But ^ O is greater than Am. ; hence, if the proportion is cor^ 
rect, the- parallelopipedon A L must be greater than P. On 
the contrary, however, it is less; consequently the solid A G 
cannot be to the solid ^ Zr as the line ^ £ is to a line greater 
than A L 
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By the same mode of reasoning, it may be shown that the 
fourth term of the proportion cannot be less than A I ; there- 
fore it must be equal to -4/. Hence rectangular parallelo- 
pipedons, having the same base, are to each other as their 
altitudes. 

Theorem XIII. 

296. Two rectangular parallelopipedons, having the 
same altitude, are to each other as their bases. 

Let the two rectan- 
gular parallelopipedons 
AG, AK iiave the same 
altitude, AE ; then they 
are to each other -as their 




Place the two solids 
so that their faces, B E, 
OE, may have the com- 
mon angle B AE ; pro- 
duce the plane O N K L 
till it meets the plane 
DCGH in PQ; we 
shall thus have a third 
parallelopipedon, A Q, which may be compared with each of 
the parallelopipedons AG, AK, The two solids, AG, AQ, 
having the same base, A E H D, are to each other as their 
altitudes AB, AO (Theo. XII.) ; in like manner, the two 
solids AQ, AK, having the same base, AO LE, are to each 
other as their altitudes A D, A M. Hence we have the two 
proportions. 

Solid A G : Solid A Q : : A B : A O, 
Solid A Q : Solid AK::AD: AM. 
Multiplying together the corresponding terms of these pro- 
portions, and omitting, in the result, the common factor Solid 
A Q, we shall have, 

Solid A G : Solid AK::ABxAD:AOxAM. 
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But ABxAD measures the base A B CD <Theo. IV. 
Sch., Bk. IV.) ]9xAAOxAM measures the base ^MiVO; 
hence two rectangular parallelopipedons of the same altitude 
are to each other as their bases. 

Theorem XIV, 

297. ^'^y '^0 rectangular parallelopipedons are to each 
other as the product of their bases by their altitudes. 



Let A O, A Z he two 
rectangular parallelopipe- 
dons; then they are to 
each other as the product 
of their bases, A B C D, 
AM NO, by their alti- 
tudes, AE, AX. 

Place the two solids so 
that ilieir faces, BE, 
O X, may have the com- 
mon angle B A E ; pro- 
duce the planes necessary 
for completing the third 
parallelopipedon, A K, 
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having the same altitude with the parallelopipedon A G,. 
the last proposition, we shall have 

Solid A G : Solid A k\ : A B C D : A MNO. 
But the two parallelopipedons A K, A Z, having the samo 
base, A M NO, are to each other as their altitudes, A E, 
A X (Theo. Xn.) ; hence we have 

Solid A K : Solid A Z : : A E : A X, 
Multiplying together the corresponding terms of these pro- 
portions, and omitting, in the result, the common factor Solid 
A K, we shall have 

Solid AG : Solid AZ::AB CD xAE lAMNOx A X. 
Hence any two rectangular parallelopipedons are to each other 
as the products of their bases by their altitudes. 
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£98, Scholium 1. We are consequentlj authorized to 
assume, as the measure of a rectangular parallelopipedon, the 
product of its base by its altitude; in other words, the product 
of its three dimensions. But by the product of two or more 
lines is always meant the product of the numbers which repre- 
sent them ; those numbers themselves being determined by the 
particular linear unit, which may be assumed as the standard. 
It is necessary, therefore, in comparing magnitudes, that the 
measuring unit be the same for each of the magnitudes com- 
pared. 

299* Scholium 2. The measured magnitude of a solid, or 
volume, is called its volume, solidity, or solid contents. We 
assume as the tmit of volume, or solidity, the cube, each of 
whose edges is the linear unit, and each of whose faces is the 
unit of sur&ce. 

300. Cor. 1. The volume of any rectangular parallelopipe- 
don is the product of its base by its altitude, or the product of 
its three dimensions. 

SOL Cor. 2. The volume of any cube is the product of its 
three equal dimensions, or the cube of the number denoting its 



Theorem XV. 

302. The volume of a parallelopipedon, and of any 
other prism,, is equal to the product of its base by its alti- 
tude. 

First. Any parellopipedon is equivalent to a rectangular 
parallelopipedon having the same altitude and an equivalent 
base (Theo. XI. Cor.). But the volume of a rectangular par- 
allelopipedon is equal to the product of its base by its altitude 
(Theo. XIV. Cor. 1) ; therefore the volume of any parallelo- 
pipedon is equal to the product of its base by its altitude. 

Second. Any parallelopipedon may be divided into two 
equal triangular prisms of the same altitude, by a plane passing 
tlurough its opposite diagonal edges. But the volume of the 
11* 
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parallelopipedon is equal to the product of its base by its alti- 
tude ; hence, that of the triangular prism is also equal to the 
product of its base, or half that of the parallelopipedon, by its 
altitude. 

Third, Any prism may be divided into as many triangular 
prisms of the same altitude as there are triangles in the poly- 
gon taken for a base. But the volume of each triangular prism 
is equal to the product of its base by its altitude ; and, since 
the altitude is the same in each, it follows that the sum of all 
these prisms is equal to the sum of all the triangles taken as 
bases multiplied by the common altitude. 

Hence the volume of any prism is equal to the product of its 
base by its altitude. 



Theorem XVI. 

303* Similar prisms are to each other as the cubes of 
their homologous edges. 

Let A BC-E, FHI-M 

be two similar prisms ; these 
prisms are to each other as 
the cubes of their homologous 
edges, A B and F U. 
• For, from D and K, homol- 
ogous angles of the two prisms, 
draw the perpendiculars D N, 
KO, to the bases ABC, FHL Take A K equal to F K, 
and join A N. Draw K' O perpendicular to J. iV in the plane 
AND, and K' O'will be perpendicular to the plane ABC, 
and equal to jSl O, the altitude of the prism FHI-M. For, 
conceive the triedral angles A and i^ to be applied the one to 
the other ; the planes containing themj and therefore the per- 
pendiculars K' O', K O, will coincide. 

Now, since the bases ABC, F HI sure similar, we have 
(Theo. XIX. Bk. IV.), 

Base ABC: Base FHI:: AR" : fW ; 
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and, because of the similar triangles DAN, K F O, and of 
the similar parallelograms D B, KH, we have 

DN.KO:: DA:KF::AB:FH, 
Hence, multiplying together the corresponding terms of these 
proportions, we have 

Base ABCXDN: Base FHIx K O : TB^ : FH^. 
But the product of the base by the altitude is equal to the 
solidity of a prism (Theo. XV.) ', hence 

Prism ABC-E: Prism FHI^M : : AB" : FIT'. 



Theorem XVII. 

304. The convex surface of a right pyramid is equal 
to the perimeter of its base, m^vUiplied by half the slant 
height. 

Let ABC DE-S hGB, right pyra- 
mid, and S MitB slant height ; then the 
convex surface is equal to the perimeter 
AB+BC+CD + DE + EAmxx\- 
tiplied hy iSM. 

The triangles SAB, SBC, S CD, 
&c. are all equal ; for the sides A B, 
BC, CD, &c. are equal (26T), and 
the sides S A, SB, S C, &c., being ob- 
lique lines meeting the base at equal dis- 
tances from a perpendicular let fall from the vertex S to the 
center of the base, are also equal (Theo. 
II.). Hence these triangles are all 
equal (Theo. XHI. Bk. I.) ; and the 
altitude of each is equal to the slant 
height iS M, But the area of a triangle 
is equal to the product of its base mul- 
tiplied by half its altitude (Theo. VI. 
Bk. rV.). Hence the areas of the tri- 
angles SAB, SBC, SCO, &c. are 
equal to the sum of the bases AB, B C, 





Digitized by 



Google 



128 



ELEMENTART QEOMETRT. 



CZ), &c. multipKed by half the common altitude, S M; that 
is, the convex surface of the pyramid is equal to the perimeter 
of the base multiplied by half the slant height. 

305* Cor, The lateral faces of a right pyramid are equal 
isosceles triangles, having for their bases the sides of the base 
of the pyramid. 

Theorem XVm 



306* If o pyramid be cut by a plane parallel to its 
base, — 

1*^. The edges and the altitude will be divided propor- 
tionally. 

2d. The section will be a polygon similar to the base. 

Let the pyramid A B CDE-S, whose 
altitude is ^ O, be cut by a plane, 
OHIKL, parallel to its base; then 
will the edges S A, S B, S C, &c., with 
the altitude S O, he divided proportion- 
ally; and the section G U I K L will be 
similar to the base ABODE. 

First. Since the planes ABC, G HI 
are parallel, their intersections AB, G H, 
by the third plane SAB, are parallel 
(Theo. III.) ; hence the triangles SAB, 
SGH^e similar (Theo. XVI. Bk. IV.), and we have 

SA: SG: : S B : S H. 
For the same reason, we have 

SBiSH: :SC:SI; 
and so on. Hence all the edges, S A^ SB, SC, &c., are cut 
proportionally in G, H, I, &c. The altitude S O ia likewise 
cut in the same proportion, at the point P ; for B O and H P 
are parallel ; therefore we have 

SOiSP: iSB'.SH. 
Secondly. Since GHis parallel to AB, HI to B C, IK 
to C D, &c., the angle G HI is equal to AB C, the angle 
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HIK to JB C Z>, and so on (Theo. VI.). Also, by reason of 
the similar triangles S A B, S G H, Yfe have 
AB: GH::SB:SH; 
and by reason of the similar triangles S B C, S HI, Yfe have 

SBiSH: : BCiHI; 
hence, on account of the common ratio S B : S H, 

ABiGHi: BCiHL 
For a like reason, we have 

BC:HI::CD:IK, 
and so on. Hence the polygons ABODE, GHIKL 
have their angles equal, each to each, and their homologous 
sides proportional ; hence they are similar. 

307. Cor, 1. If two pyramids have the same altitude, 
and their bases in the same plane, their sections m^de by 
a plane parallel to the plane of their bases are to each 
other as their bases. 

Let A B CD E ^ S, 
MNO-S be two pyra^ 
mids, having the same al- 
titude, and their bases in 
the same plane; and let 
GiJ/^£,PQi? be sec- 
tions made by a plane paral- 
lel to the plane of their 
bases ; then these sections 
are to each other as the 
ha&&&ABCDE,MNO. 

For, the two polygons ABCDE, G HIKL being simi- 
lar, their surfaces are as the squares of the homologous sides 
AB, GH (Theo. XXI. Bk. IV.). But 
AB: GH: : S A : S G, 




Hence, ABCDE 
For the same reason, 
MNO: 



GHIKL::SA'.SG 



PQR: :SM'.SF'. 



^2 
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But since G H I K L and P Q jR are in the same plane, we 
have ako (Theo. VIIL), 

SAiSG:: SMiSP: 
hence, 

ABODE :GHIKL::MNO:PQR, 

therefore the sections G HIK L, P QR are to each other 
Bs the bases ABODE, MNO. 

308. Oor. 2. If the bases ABODE, M NO zx% equiv- 
alent, any sections, G H I K L, P QR, made at equal dis- 
tances from those bases, are likewise equivalent. 



Theorem XIX. 

309. T%^ convex surface of a frustum of a right pyra- 
mid is equal to half the sum, of the perimeters of its two 
bases, m^ultiplied by its slant hight. 

Let ABODE-Lhe the frustum of a 
right pyramid, and M N its slant hight; 
then the convex surface is equal to the sum 
of the perimeters of the two bases ABODE, 
G I HKL, multiplied by half of MK 

For the upper base G H IK L is similar 
to the \mQ ABODE (Theo. XVIIL), and 

ABODE is a regular polygon (267); 

hence the sides G H, HI, IK, K L, and ^ ^ 

LG Bxe all equal to each other. The angles GAB, AB H, 
H B O, &c. are equal (Theo. XVII. Cor.), and the edges 
AG, BH, OI, &c. are also equal (Theo. XVIIL); there- 
fore the faces AH,BI, OK, &c. are all equal trapezoids 
(23), having a common altitude, M N, the slant hight of the 
frustum. But the area of either trapezoid, as A H, is equal 
to^{AB+GII)XMN (Theo. VU. Bk. IV.) ; hence the 
areas of all the trapezoids, or the convex surface of frustum, are 
equal to half the sum of the perimeters of the two bases multi' 
plied by the slant Light. 
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Theorem XX. 

310. Triangular pyramids^ having equivalent bases and 
the same altitude, are equivalent. 

T S s' 





B B' 

Let A B C- S, A B' C - S' be two triangular pyramids, 
having equivalent bases,' ABC, A B' C , situated in the same 
plane ; and let them have the same altitude, AT; then these 
pyramids are equivalent. 

For, if the two pyramids are not equivalent, let A B' C'-S' 
be the smaller, and suppose ^ X to be the altitude of a prism, 
which, having ^ ^ C for its base, is equal to their diflFerence. 

Divide the altitude A T into equal parts, each less than 
AJC; through each point of division pass a plane parallel to 
the plane of the base, thus forming corresponding sections in 
the two pyramids equivalent each to each, namely, D E F \jo 
D'EF, GHIioG'H^r,kc. 

Upon the triangles ABC, DBF, GUI, &c., taken as 
bases, construct exterior prisms, having for edges the parts 
AD, D G, G K, &c. of the edge SA; in like manner, on 
the bases D' E' F, G' H' I, &c. in the second pyramid, con- 
struct interior prisms, having for edges the corresponding parts 
of S' A. It fs plain that the sum of all the exterior prisms 
of the pyramid A B C-S ia greater than this pyramid; and 
also that the sum of all the interior prisms of the pyramid 
A B' O-S' is less than this pyramid. Hence, the difference 
between the sum of all the exterior prisms and the sum of all 
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the interior ones, must be greater than the difference between 
the two pyramids themselves. 

Now, beginning with the bases A RC, A' B' C\ the second 
exterior prism, Z>-BjP-G, is equivalent to the first interior 
prism, D E F -A\ since they have equal altitudes, and their 
bases, D E F^ U E' F^ are equivalent. For a like reason, 
the third exterior prism, GHI-K, and the second interior 
prism G H I -D\ are equivalent, and so on to the last in 
each series. Hence, all the exterior prisms of. the pyramid 
AB C-S, excepting the first prism, AB C-D, have equiv- 
alent corresponding ones in the interior prisms of the pyramid 
A' B C'-S'. Therefore the prism ^ ^ C- D is the differ- 
ence between the sum of all the exterior prisms of the pyramid 
A B C-Sj and the sum of the interior prisms of the pyramid 
A' B' C'-S. But the difference between these two sets of 
prisms has been proved to be greater than that of the two pyra- 
mids, which latter difference we supposed to be equal to the 
prism ABC-X. Hence, the prism ABC-D must be 
greater than the prism A BC-X, which is impossible, since 
they have the same base, ABC, and the altitude of the first is 
less than A X, the altitude of the second. Hence, the supposed 
inequality between the two pyramids cannot exist ; therefore the 
two pyramids A B C - S, A* B O -S\ having the same alti- 
tude and equivalent bases, are themselves equivalent. 

Theorem XXI. 

311. Every triangular pyramid is a third part of a 
triangular prism having the same base and the same 
altitude. 

Let ABC-F be a triangular pyramid, and AB C-DEF 
a triangular prism of the same base and the same altitude ; then 
the pyramid is one third of the prism. 

Cut off the pyramid A B C-F ifrom the prism, by the plane 
F AC ; there will remain the solid AC D E-F^ which may 
be considered as a quadrahgular pyramid, whose vertex is jP, and 
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whose base is the parallelogram 
A C D E. Draw the diagonal 
CE^ and pass the plane F C E, 
which will cut the quadrangular 
pyramid into two triangular on^s, 
ACE-F, EDC-F. These 
two triangular pyramids have for 
their common altitude the perpen- 
dicular let fall from F on the plane 
ACD E ; they have equal bases, 
since the triangles ACE, CDE 
are halves of the same parallelo- 
gram; hence the two pyramids 

ACE'F, CDE-F9xe equivalent (Theo. XX.) But the 
pyramid C D E-F and the pyramid A B C-F, have equal 
bases, ABC, D E F ; they have also the same altitude, 
namely, the distance between the 
parallel planes ABC, DEF; 
hence the two pyramids are 
equivalent. Now, the pyramid 
CD E-F]i2i,s been proved equiv- 
alent to ACE-F; hence the 
three pyramids A B C - F, 
CDE-F, ACE-F, which 
compose the whole prism 
AB C-DEF, are all equiv- 
alent; therefore, either pyramid, 
us A B C- F, is the third part of 
the prism, which has the same 
base and the same altitude. 

312* Cor. 1. Every triangular prism may be divided into 
three equivalent triangular pyramids. 

313* Cor, 2. The solidity of a triangular pyramid is equal 
to a third part of the product of its base by its altitude. 

12 
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Theorem XXIL 

314. The volume of every pyramid is equal to the prod- 
uct of its base by one third of its altitude. 

Let A B C D-S be any pyramid, 
whose base is A B C D E^ and altitude 
SO; then its solidity is equal to 
ABCDExiSO. 

Draw the diagonals AC^ A D^ and 
pass the planes SA C, S A D through 
these diagonals and the vertex S ; the 
polygonal pyramid AB C D E-S will 
be divided into several triangular pyra- 
mids, all having the same altitude, jS O. 
But each of these pyramids is measured by the product of its 
base, BAC, C A D, D A Ejhy b, third part of its altitude, 
jS O (Theo. XXI. Cor. 2) ; hence, the sum of these triangu- 
lar pyramids, or the polygonal pyramid A B C D E -S, will 
be measured by the sum of the triangles B A C, CAD, 
DAE, or the polygon ABODE, multiplied by ^ of .S O; 
hence, every pyramid is measured by the product of its base 
by one third of its altitude. 

315. Cor, 1. Every pyramid is the third part of the prism 
which has the same base and the same altitude. 

316. Cor, 2. Pyramids having the same altitude are to 
each other as their bases. 

317. Cor. 3. Pyramids having the same base, or equivalent 
bases, are to each other as their altitu^des. 

318. Cor. 4. Pyramids are to each other as the products 
of their bases by their altitudes. 

319. Scholium. The volume of any polyedron may be 
found by dividing it into pyramids, by passing planes through 
its vertices. 
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Theorem XXIII. 

320. A frustum of a pyramid is equivalent to the sum 
of three pyram,ids^ having for their commfion altitude the 
altitude of the frustum,^ and whose bases are the two bases 
of the frustum, and a msan proportiojial between them,. 

First. Jjs^i A BC-DEFhQ i\iQ 
finistum of a pyramid, whose base is a 
triangle. Pass a plane through the 
points -4, J5, C ; it cuts oflF the^ trian- 
gular pyramid ABC-E^ whose alti- 
tude is that of the frustum, and whose 
base, AB C^i& the lower base of the 
frustum. Pass another plane through 
the points DEC; it cuts oflF the tri- 
angular pyramid D E F- C, whose 
altitude is that of the frustum, and 
whose base, D E F, is the upper base of the frustum. 

There now remains of the frustum the pyramid AC D-E. 
Draw EG parallel iK> A D ; join CG and D G. Then, 
since E G is parallel to -4 Z>, a line in the plane A C D, it is 
parallel to the plane A C D (Theo. m.) ; and the pyramid 
AC D-E is equivalent to the pyramid AC D-G^ since 
they have the same base, AC D^ and their vertices, E and G, 
lie in the same straight line parallel to the common base. But 
the pyramid -4 CZ>- 6? is the same as the pyramid A G C-D^ 
whose altitude is that of the frustum, and whose base, AG C, 
as will be proved, is a mean proportional between the bases 
ABC^n^DEF. 

The two triangles AG C^ D E F have the angles A and D 
equal to each other (Theo. VI.) ; hence we have (Theo. XVIIL 
Bk. IV.), 

AGC:DEF::AGxAC:DExDF; 
but since AGia equal to D E, , 

AGC:DEF::AC:DF. 
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We have also (Theo. VL Cor., Bk. IV.), 

A B C : AG Ci : A B : AG or D E, 

But the similar triangles ABC, D E F give 
AB:DE::AC:DF; 
hence (Theo. I-X. Bk. 11.), 

ABC:AGC::AGC:DEF; 
that is, the base A G C is 2k meai^ proportional between the 
bases A B C, D E F o( the frustum. 

Secondly. Let GHIKL-MNOP Q be the frustum 
of a pyramid, whose base is any polygon. 

Let ABC-S be a 
triangular pyramid hav- 
ing the same altitude, 
and an equivalent base, 
with any polygonal pyr- 
amid, GHIKL-T; 
these pyramids are 
equivalent (Theo. XXIL 
Cor. 3). 

The bases of the two pyramids may be regarded as situated 
in the same plane, in which case the plane M NO P Q pro- 
duced will form in the triangular pyramid a section, D E F, at 
the same distance above the common plane of the bases; and 
therefore the section DEF will be to the section MNOP Q 
as the base ^ 5 C is to the base 6? HIK L (Theo. XVIIL 
Cor. 1) ; and since the bases are equivalent, the sections will 
be so likewise. Hence, the pyramids M N O P Q - T, 
DEF-S, having the same altitude and equivalent bases, 
are equivalent. For the same reason, the entire pyramids 
GHIKL-T, A B C-S are equivalent ; consequently, 
the frustums GHIKL-MNOPQ, ABC-DEF, 
are equivalent. But the frustum A B C-D E F has been 
shown to be equivalent to the sum of three pyramids having 
for their common altitude the altitude of the frustum, and 
whose bases are the two bases of the frustum, and a mean 
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proportional between them. Henoe the proposition is true of 
the firustum of any pyramid. 

Theorem XXIV. 

321. Similar pyramids are to each other as the cubes 
of their homologous edges. 

Let ABC-S and 

ZJi/jP-iS' be two sim- 
ilar pyramids ; these 
pyramids are to each 
other as the cubes of 
their homoiogoas edges 
ABs,ndD E, or B C 
and EF^ &c. 

For, the two pyra- 
mids being similar, the 
homologous polyedral angles at the vertices are equal (274) ; 
hence the smaller pyramid may be so applied to the larger, that 
the polyedral angle /S shall be common to both. 

In that case, the bases ABC, D E F will be parallel ; for, 
since the homologous faces are similar, the angle S D E is 
equal to SAB, and S E F to SBC; hence the plane 
ABC ia parallel to the plane DEF (Theo. VI.). Then 
let S Ohe drawn from the vertex iS perpendicular to the plane 
ABC, and let P be the point where this perpendicular meets 
the plane DEF. From what has already been shown (Theo. 
XVin.), we shall have 

SOiSPiiSA: SD::AB:DE; 

and consequently, 

iSOiiSP ::AB: D E, 

But the bases ABC, DEF are similar ; hence (Theo. XIX. 
Bk. IV.), 

ABC: DEF \: T& : Dlf. 

12* 
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Multiplying together the corresponding terms of these two 
proportions, we have 

ABCxiSOiDEFxiSP: : aW : DE\ 

Now, A B C X iS O represents the volume of the pyrar- 
mid ABC-^S, and DEFxiSP that of the pyramid 
DEF-S (Theo. XXII.) ; hence two similar pyramids are 
to each other as the cubes of their homologous edges. 



EXERCISES 
FOR ORIGINAL THOUGHT, ON REVIEW. 

322* 1- A straight line cannot be partly 
in a plane, and partly out of it. 

2. If two planes cut each other, their com- 
mon section is a straight line. 

3. If two planes are perpendicular to the 
same straight line they are parallel to each 
other. 

4. In every parallelopipedon the opposite 
faces are equal and parallel. 

5. The diagonals of every parallelo- 
pipedon bisect each other. 

6. The volume of a triangular 
prism is equal to the product of the 
area of either of its rectangular sides 
as a base multiplied by half its alti- 
tude on that base. 

7. All prisms of equal bases and altitudes are equal in vol- 
ume, whatever be the figure of their bases. 
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THE THREE ROUND BODIES. 

DEFINITIONS 

323* A Cylinder is a volume which may- 
be described by the revolution of a rectangle 
turning about one of its sides, which remains 
immovable ; as the solid described by the rec- 
tangle AB CD revolving about its side A B. 

324. The Bases of the cylinder are the 
circles described by the sides, AC, B D, of 
the revolving rectangle, which are adjacent to 
the immovable side, A B. 

The Axis of the cylinder is the straight line joining the 
centers of its two bases ; as the immovable line A B. 

The Convex Surface of the cylinder is described by the 
side C D oi the rectangle, opposite to the axis AB. 

325* A Cone is a solid which may be 
described by the^ revolution of a right-an- 
gled triangle turning about one of its per- 
pendicular sides, which remains immovable ; 
as the solid described by the right-angled 
triangle ABC revolving about its perpen- 
dicular side A B. 

The Base of the cone is the circle de- 
scribed by the revolution of the side B C, 
which is perpendicular to the immovable 
side. 

The Convex Surface of a cone is described by the hy- 
pothenuse, A C, of the revolving triangle. 
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The Vertex of the cone is the point A, where the hjpothe- 
nose meets the immovable side. 

The Axis of the eone is the straight line joining the vertex 
to the center of the base; as the line A B, 

The Altitude of a cone is a line drawn from the vertex per- 
pendicular to the base ; and is the same as the axis, A B. 

The Slant Hight, or Side, of a cone, is a straight line 
drawn from the vertex to the circumference of the base ; as the 
lins^C. 

326. The Frostxun of a cone is the 
part of a cone included between the base 
and a plane parallel to the base; as the 
soUd CD'-F. 

The Axis, or Altitude, of the frustum, 
is the perpendicular line AB included 
between the two bases; and the Slant 
Hight, or Side, is that portion of the slant hight of the 
cone which lies between the bases; ha P C. 

327. Similar Cylinders, or Cones, are those whose axes 
are to each other as the radii, or diameters, of their bases. 

328. A Sphere is a solid, or volume, bounded bj a curved 
surface, all points of which are equally distant from a point 
within, called the center. 

The sphere may be conceived 
to be formed by the revolution of 
a semicircle, DAB, about its 
diameter, D E, which remains 
fixed. 

329. The Radius of a sphere 
is a straight line drawn from the 
center to any point in the sur- 
fiw5e, as the line C B. 

The Diameter, or Axis, of a 
sphere is a line passing through the center, and terminated 
both ways by the surfece, as the line D E. 
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Hence, all the radii of a sphere are equal ; and all the diam- 
ters are equals and each is doable the radius. 

330* A Great Circle of the sphere is a section made by 
a plane passing through the center, and having the center of 
the sphere for its center ; as the section A B, whose center 

is a 

A Small Circle of the sphere is any section made by a 
plane not passing through the center. 

A Plane is Tangent to a sphere, when it meets the sphere 
in but one point, however far it may be produced. 

331. A Spherical Polygon is 
a portion of the surface of a sphere 
bounded by several arcs of great 
circles. 

332* A Zone is a portion of 
the surface of a sphere cut oflF by a 
plane, or comprehended between two 
parallel planes; asEIFK-A, or 
CGDH-EIFK. 

333. A Spherical Segment is a portion of the sphere 
cut oflF by a plane, or comprehended between two parallel 




334. The Altitude of a Zone or of a Spherical Seg- 
ment is the perpendicular distance between the two parallel 
planes which comprehend the zone or segment. 

In case the zone or segment is a portion of the sphere cut 
off, one of the planes is a tangent to the sphere. 

335* A Spherical Sector is a solid described by the rev- 
olution of a circular sector, in the same manner as the semi- 
circle of which it is a part, by revolving round its diameter, 
describes a sphere. 

336. A Spherical Pyramid is a portion of the sphere 
comprehended between the planes of a polyedral angle whose 
vertex is the center. 
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The base of the pyramid is the Bpherical polygon intercepted 
by the same planes. 

337. The cylinder, cone, and sphere are termed the Three 
Round Bodies of Elementary Geometry. 

Theorem I. 

338* The convex surface^/ a cylhider is equal to the 
circumference of its base multiplied by its altitude, | 

Let A B C D E F-G bea cylinder, whose circumference 
is the circle A B CD E F, and whose alti- 
tude is the line AG; then its convex sur- 
&ce is equal to ABQDEF multiplied 
by ^6?. 

In the base of the cylinder inscribe any 
regular polygon, A B C D E F, and on 
this polygon construct a right prism of the 
same altitude with the cylinder. The prism 
will be inscribed in the convex surface of 
the cylinder. The convex surface of this 
prism is equal to the perimeter of its base multiplied by its 
altitude, A G (Theo. IX. Bk. V.). 

Conceive now the arcs subtending the sides of the polygon 
to be continually bisected, until a polygon is formed having an 
indefinite number of sides; its perimeter will then be equal to 
the circumference of the circle AB CDEF (Theo. XXIX. 
Cor., Bk. IV.) ; and thus the convex sur&ce of the prism will 
coincide with the convex surface of the cylinder. But the con- 
vex surface of the prism is always equal to the perimeter of its 
base multiplied by its altitude ; hence, the convex surface of 
the cylinder is equal to the circumference of its base multiplied 
by its altitude. 

339* Cor. 1. If two cylinders have the same altitude, their 
convex surfaces are to each other as the circumferences of their 
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340. Cor, 2. If H represent the altitude of a cylinder, 
and R the radius of its base, then we shall have the circum- 
ference of the base represented by 2Rx^ (Theo. XXXII. 
Cor. 3» Bk. IVi), and the convex surface of the cylinder by 
2Rx^xH, 

Theorem II. 

341. The volume of a cylinder is equal to the product 
of its base by its altitude. 

Let ABCDEF-G be a cylinder whose base is the 
circle A B C D E F, and whose altitude is the line AG ; 
then its volume is equal to the product AB C D E F by 

AG, . . . • 

In the base of the cylinder inscribe any 
regular polygon, A B C D E F, and on 
this polygon construct a right prism of the 
same altitude with the cylinder. The prism 
will be inscribed in the convex surfaxie of 
the cylinder. The solid contents of this 
prism are equal to the product of its base 
by its altitude (Theo. XV. Bk. V.). 

Conceive now the number of the sides of 
the polygon to be indefinitely increased, until its perimeter 
coincides with the circumference of the circle A B C D E F 
(Theo. XXIX. Cor., Bk. IV.), and the volume of the prism 
will equal that of the cylinder. But the volume of the prism 
will still be equal to the product of its base by its altitude ; 
hence the solid contents of the cylinder are equal to the prod- 
uct of its base by its altitude. 

342. Cor, 1. Cylinders of the same altitude are to each 
other as their bases ; and cylinders of equal bases are to each 
other as their altitudes. 

343. Cor. 2, Similar cylinders are to each other as the 
cubes of their altitudes, or as the cubes of the diameters of 
their bases. For the bases are as the squares of their radii 
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(Theo. XXX. Bk. lY.), and the cjlinders being similar, the 
radii of their bases are to each other asftheir altitudes (327) ; 
therefore the bases are as the squares of the altitudes ; hence, 
the products of the bases by the altitudes, or the cylinders 
themselves, are as the cubes of the altitudes. 

344. Cor, 3. If the altitude of a cylinder be represented 
by H, and the area of its base by ii^ X - (Theo. XXXII. 
Cor. 2, Bk. IV.), the solid contents of the cylinder will be 
represented by ii^ x ^r x ^• 

Theorem IIL 

345. The convex surf (ice of a cone is equal io the cir- 
cumference of the base multiplied by half the slant hight. 

Let ABC D E F-S be a cone 
whose base is the circle A B C D E F, 
and whose slant bight is the line SA ; 
then its convex surface is equal to 
A B CDE F multiplied hj ^SA. 

In the base of the cone inscribe any 
regular polygon, A B C D E F, and 
on this polygon construct a regular 
pyramid having the same vertex, S, 
with the cone. Then a right pyramid 
will be inscribed in the cone. 

From <S draw jSJ^ perpendicular to 5 C, a side of the poly- 
gon. The convex surface of the pyramid is equal to the 
perimeter of its base multiplied by half its slant bight jS H 
(Theo. XVn. Bk. V.). Conceive now the arcs subtending the 
sides of the polygon to be continually bisected, until a poly- 
gon is formed having an indefinite number of sides ; its perime- 
ter will equal the circumference of the circle A B C D E F; 
its slant bight, jS -H, will equal that of the cone, and its con- 
vex surface coincide with the convex surface of the cone. But 
the convex surface of every right pyramid is equal to the 
perimeter of its base, multiplied by half the slant bight; 
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hence the convex surface of the cone is equal to the circumfer- 
ence of its base multiplied by half its slant hight. 

346« Cor, 1{ SA represent the slant hight of a cone, 'and 
jR the radius of the base, then, since the circumference of the 
base is represented hj 2Rx^ (Theo. XXXII. Cor. 3, Bk. 
IV.), the convex surface of the cone will be represented bj 
2Rx^Xi SA, equal to n x R X SA. 

Theorem IV. 

347. The convex surface of a frustum of a cone is 
equal to half the sum of the circumference of the two 
bases m,ultiplied by its slant hight. 

Let ^jBCi?i?F-Af be the frustum ML 

of a cone, and AG \\;& slant hight ; then 
the convex surface is equal to half the sum 
of the circumferences of the two bases 
ABCDEF.G HIKLM, multiplied 
hj AG, 

For, inscribe in the bases of the frustum 
two regular polygons of the same number -^ ^' 

of sides, having their sides parallel, each to ea<3h. Draw the 
straight lines A G, B H, CI, &c., joining the vertices of the 
corresponding angles, and these lines will be the edges of the 
frustum of a pyramid inscribed in the frustum of the cone. 
The convex surface of the frustum of the pyramid is equal to 
half the sum of the perimeters of the two bases multiplied by 
its slant hight, O N (Theo. XIX. Bk. V.)- 

Conceive now the number of sides of the inscribed polygons 
to be indefinitely increased; the perimeters of the polygons 
will then coincide with the circumferences of the circles 
ABCDEF, Gfl^/ifiM; and the slant hight, ON, 
of the frustum of the pyramid, will equal the slwit hight, 
A G, of the frustum of the cone ; and the surfaces of the two 
frustums will coincide. 

But the convex surface of every frustum of a right pyramid 
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is equal to half the sum of the perimeters of its two bases, mul- 
tiplied by its slant hight ; hence, the convex surface of the 
frustum of the cone is equal to half the sttm of the circumfer- 
ence of its two bases multiplied by half its slant hight. 

348. Cor, Through i2, the middle point 
of the side KD^ draw the diameter RST, 
parallel to the diameter A Q D, and the 
straight lines R U, KV^ parallel to the 
axis P Q. Then, since D R is equal to 
RK,DUia equal to J7F(Theo. X. Cor. 
2, Bk. rV.) ; hence, the radius SR ia equal 
to half the sum of the radii QD, P K, But the circumfer- 
ences of circles being to each other as their radii (Theo. XXX. 
Bk. IV.), the circumference of the section of which SR is the 
radius is equal to half the sum of the circumferences of which 
QD, P K tare the radii ; hence, the convex surface of a frus- 
tum of a cone is equal to the slant hight multiplied by the 
circumference of a section at equal distances between the two 




Theorem V. 

349. The volume of a cone is equal to the product of its 
base by one third of its altitude. 

Let ABC DEF-S bea cone, 
whose base is AB C D E Fy and alti- 
tude S H ; then its solidity is equal to 
ABCDEFXiSH, 

In the base of the cone inscribe any 
regular polygon, A B C D E F, and 
on this polygon construct a regular 
pyramid, having the same vertex, Sj 
with the cone. Then a right pyramid 
will be inscribed in the cone; and its 
volume will be equal to the product of its base by one third of 
its altitude (Theo. XXII. Bk. V.). 

Conceive, now, the number of sides of the polygon to be 
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indefinitely increased, and its perimeter will become equal to 
the circumference of the cone, and the pyramid will ,exactly 
coincide with the coi^e. But the volume of every right pyra- 
mid is equal to the product of the base by one third of its alti- 
tude ; hence the volume of a cone is equal to the product of its 
base by one third of its altitude. 

350. Cor. 1. A cone is the third of a cylinder, having the 
same base and the same altitude ; hence it follows,' — 

1. That cones of equal altitude are to each other as their 
bases; 

2. That cones of equal bases are to each other as their 
altitudes ; 

3. That similar cones are as the cubes of the diameters of 
their bases, or as the cubes of their altitudes. 

35L Cor, 2. ff the altitude of a cone be represented by 
£?, and the radius of its base by J?, the volume of the cone 
will be represented by 

R^X^X^H, or iTtXB^XH. 

Theorem VI. 

352. The volume of the frustum of a cone is equivalent 
to the sum, of three coneSj having for their cormnon alti- 
tude the altitude of the frustum, and whose bases are the 
two bases of the frustum, and a mean proportional between 
them. 

Let A B C D E F-Mhe the frus- 
tum of a cone ; then will its volume be 
equivalent to the sum of three cones 
having the same altitude as the frus- 
tum, and whose bases are the two bases 
of the frustum, and a mean proportional 
between them. 

For, inscribe in the two bases of the 
frustum two regular polygons having 
the same number of sides, and having 
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their sides parallel, each to each. Let the vertices of the cor- 
responding angles be joined by the straight lines B H^ CI, 
&c., and there is inscribed in the frustum of the cone the frus- 
tum of a regular pyramid. The volume of the firustum of this 
pyramid is equivalent to the sum of three pyramids, having for 
their common altitude the altitude of the firustum, and whose 
bases are the two bases of the frustum, and a mean proportional 
between thenm 

Conceive now the number of the sides of the polygons to be 
indefinitely increased; and the bases of the finistum of the 
pyramid will equal the bases of the firustum of the cone ; and 
the two frustums will coincide. Hence the frustum of a cone 
is equivalent to the sum of three cones, having for their com- 
mon altitude the altitude of the firustum, and whose bases are 
the two bases of the firustum, and a mean proportional between 
them. 

thbobbm vn. 

353. Every section of a sphere made by a plane is a 
circle. 

Let ABEhevk section made. by a 
plane in the sphere whose center is 
C. From the center, <?, draw C D 
perpendicular to the plane ABE; 
and draw the lines C A, C B, C E^ 
to different points of the curve ABEj 
which bounds the section. 

The oblique lines CA, CB, CE 
are equal, being radii of the sphere ; therefore they are equally 
distant from the perpendicular, CD (Theo. II. Cor., Bk. V.). 
Hence, the lines D A, D By D E, and, in like manner, all 
the lines drawn from D to the boundary of the section, are 
equal ; and therefore the section A B E ia & circle whose cen- 
ter is D. 

354. Cor, 1. If the section passes through the center of 
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the sphere, its radius will be the radius of the sphere ; hence 
all great circles are equal. 

355. Cor. 2. Two great circles always bisect each other. 
For, since the two circles have the same center, their common 
intersection, passing through the center, must be a common 
diameter bisecting both circles. 

356. Cor. 3. Everj great circle divides the sphere and its 
sur&ce into two equal parts. For if the two hemispheres were 
separated, and afterwards placed on the common base, with 
their convexities turned the same waj, the two sur&ces would 
exactly coincide. 

357* Cor. 4. The center of a small eircle, and that of the 
sphere, are in a straight line perpendicular to the plane of the 
small circle. 

358. Cor. 5. Small circles are less according to their dis- 
tance from the center ; for, the greater the distance C Z>, the 
smaller the chord A By the diameter of the small circle 
ABE. 

359. Cor. 6. The arc of a great circle may be made to 
pass through any two points on the surface of a sphere ; for the 
two given points and the center of the sphere determine the 
position of a plane. If, however, the two given points be the 
extremities of a diameter, these two points and the center would 
be in a straight line, and apy number of great circles may be 
made to pass through the two given points. 

Theorem vni. 

360. If any regular semi-polygon be revolved about a 
line passing through the center and the vertices of opposite 
angles^ the surface described will be equal to the product 
of its axis by the circumference of its inscribed circle. 

Let the regular semi-polygon A B C D E F be revolved 
about ^ jP as an axis ; then the sur&ce described by the sides 
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A B, B C, C D, kc. will equal the product 

of -4 jP by the inscribed circle. ^ 

For, from the vertices B, C, D, E of the y 
semi-polygon, draw B G, C H, D Mj E N, 
perpendicular to the axis AF ; and from the 
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center, O, draw O I perpendicular to one of ^ 

the sides; also draw IK perpendicular to 

A F, and B L perpendicular to C H. ^^ 

Now, O i is the radius of the inscribed cir- 
cle (Theo. XXTTT. Bk. IV.) ; and the surfisu^ described by the 
revolution of a side, -B (7, of a regular polygon, is equal to BC 
multiplied by the circumference, IK (Theo. IV. Cor.). 

The two triangles OIK, B C L, having their sides per- 
pendicular to each other, are similar (Theo. XVL Bk. IV.) ; 
therefore, 

BCiBLorGH:: OIiIKiiCirc. Ol : Circ.IK. 
Hence (Theo. I. Bk. 11.), 

BCX Circ. IK= GHX Circ. OI; 
that is, the surface described by -B C is equal to the product of 
the altitude G H hj the circumference of the inscribed circle. 
The same may be shown of each of the other sides ; hence, the 
surface described by all the sides taken together is equal to the 
product of the sum of the altitudes AG, G H, HM, M N, 
NF, by the circ. O /, or to the product of the axis A F hj 
the circ. OL 

Theorem IX. 

36L The surface of a sphere is equal to the product of 
its diameter by the circumference of a great circle. 

Let ABCDEFhodi, semicircle in which Ls inscribed any 
regular semi-polygon ; from the center, O, draw O I perpen- 
dicular to one of the sides. 

If now the semicircle and the semi-polygon be revolved about 
the axis A F, the surface described by the semicircle will bo 
the surface of a sphere (328), and that described by the 
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semi-polygon will be equal to the product of 
its axis, A F, by the circumference, O I 
(Theo. Vin.) ; and the same is true, what- 
ever be the number of sides of the polygon. 

Conceive the number of sides of the semi- 
polygon to be made, by continual bisections, 
indefinitely great; then its perimeter will 
coincide with the semi-circumference 
A B C D E Fj and the perpendicular O I 
will be equal to the radius O A; hence, the surface of the 
sphere is equal to the product of the diameter by the circum- 
ference of a great circle. 

362, Cor, 1. The surface of a sphere is equal to the 
area of four of its great circles. 

For the area of a circle is equal to the product of the cir- 
cumference by half the radius, or one fourth of the diameter 
(Theo. XXXII. Bk. IV.). 

363* Cor, 2. The surface of a zone or segment is equal 
to the product of its altitude by the circumference of a 
great circle. 

For the surface described by the sides jB C, CD dl the 
inscribed polygon is equal to the product of the altitude G M 
by the circumference of the inscribed circle O I, If, now, the 
number of the sides of an inscribed polygon be indefinitely 
increased, its perimeter will equal the circle, and B C^ C D 
will coincide with the arc BCD; consequently, the surface 
of the zone described by the revolution oi B C D is equal 
to the product of its altitude by the circumference of a great 
circle. In like manner, the same may be proved true of a 
segment, or a zone having but one base. 

364* Cor, 3. The surfaces of two zones, or segments upon 
the same sphere, are to each other as their altitudes ; and any 
zone or segment is to the surface of the sphere as the altitude 
of that zone or segment is to the diameter. 
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365* Cor. 4. If th^ radius of a sphere is represented bj JS, 
and its diameter by />, its surface will be represented by 
4 JT X ii?2, or :r X £>^. 

366. Cor. 5. Hence, the sur&ces of spheres are to each 
other as the squares of their radii or diameters. 

367 • Cor. 6. If the altitude of a zone or segment is repre- 
sented by i7, the surface of a zone or segment will be repre- 
sented by 

27rxi2xi^, or ;rX/>Xiy. 

Theorem X. 

368. The volume of a sphere is equal to the product of 
its surface by one third of its radius. 

For a sphere may be regarded as composed of an indefinite 
number of pyramids, each having for its base a part of the sur- 
face of the sphere, and for its vertex the center of the sphere ; 
consequently, all these pyramids have the radius of the sphere 
as their common altitude. 

Now, the volume of every pyramid is equal to the product 
of its base by one third of its altitude. (Theo. XXII. Bk. V.) ; 
hence, the sum of the volumes of these pyramids is equal to the 
product of the sum of their bases by one third of their common 
altitude. But the sum of their bases is the sur&ce of the 
sphere, and their common altitude its radius ; consequently, the 
volume of the sphere is equal to the product of its surface by 
one third of it radius. 

369. Cor. 1. . The volume of a spherical pyramid or 
sector is equal to the product of the polygon or zone which 
forms its base, by one third of the radius. 

For the polygon or zone forming the base of the spherical 
pyramid or sector may be regarded as composed of an indefinite 
number of planes, each serving as a base to a pyramid, having 
for its vertex the center of the sphere. 

370. Cor. 2. Spherical pyramids, or sectors of the same 
sphere or of equal spheres, are to each other as their bases. 
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37L Cor. 3. A spherical pyramid or sector is to the 
sphere of which it is a part, sus its base is to the surface of the 
sphere. 

372. Cor. 4. Hence, spherical sectors upon the same 
sphere are to each other as the altitudes of the zones forming 
their bases (Theo. IX. Cor. 3) ; and any spherical sector is to 
the sphere as the altitude of the zone forming its base is to the 
diameter of the sphere. 

373. Cor. 5. If the radius of a sphere is represented by 
Rj its diameter by Z>, and its surface by S^ its volume will be 
represented by 

sxiR = ^^xR^x^R = ^7:xR?ox\^xrp. 

374. Cor. 6. Hence, the volumes of spheres are to each 
other as the cubes of their radii. 

375. Cor. 7. If the altitude of the zone which forms the 
base of a sector be represented by i/, the volume of the sector 
will be represented by 

2;r X i? X iy X ii? = s^ X js* X 1/. 

376. Scholium. The volume of the spher- 
ical segment less than a hemisphere, and of one 
base, formed by the revolution of a portion, 
jl -B C, of a semicircle about the radius OA^ is 
equivalent to the volume of the spherical sector 
formed by J. O jB, less than the volume of the 
cone formed by O B C. 

The volume of the spherical segment greater 
than a hemisphere, and of one base, formed by the revolution 
of A D E, is equivalent to the volume of the spherical sec- 
tor formed hj A O D, plus the volume of the cone formed by 
ODE. 

The volume of the spherical segment of two bases formed by 
the revolution o{ C B D E about the axis A F, is equivalent 
io the solidity of the segment formed by A DE, less the vol- 
ume of the segment formed hj A B C 
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Theorem XL 

37 7» The surfctce of a sphere is equivalent to the convex 
surface of the circumscribed cylinder, and is two thirds 
of the whole surface of the cylinder ; also, the volume of 
the sphere is two thirds of thcU of the circumscribed cyl- 
inder. 

Let A B'F The a great circle of the 
sphere \ D E G H the circumscribed 
square ; then, if the semicircle AB F 
and the semi-square A D E F he re- 
volved about the diameter A F, the 
semicircle will describe a sphere, and 
the semi-^uare a cylinder circumscrib- 
ing the sphere. 

The convex sur&ce of the cylinder is equal to the circum- 
ference of its base multiplied by its altitude (Theo. L).. But 
the base of the cylinder is equal to the great circle of the 
sphere, its diameter E G being equal to the diameter B /, and 
the altitude D E h equal to the diameter AF ; hence, the 
convex surface of the cylinder is equal to the circumference of 
the great circle multiplied by its diameter. This measure is 
the same as that of the sur&ce of the sphere (Theo. IX.) ; 
hence, the sur&ce of the sphere is equal to the convex sur&ce 
of the circumscribed cylinder. 

But the surface of the sphere is equal to four great circles 
of the sphere (Theo. IX. Cor. 1) ; hence, the convex sur&ce of 
the cylinder is also equal to four great circles ; and adding the 
two bases, each equal to a great circle, the whole sur&ce of the 
circumscribed cylinder is equal to six great circles of the 
sphere ; hence, the surface of the sphere is |, or | of the whole 
surfaxje of the circumscribed sphere. 

In the next place, since the base of the circumscribed cylin- 
der is equal to a great circle of the sphere, and its altitude to 
the diameter, the volume of the cylinder is equal to a great 
circle multiplied by its diameter (Theo. 11.). But the volume 
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of the sphere is equal to its surface, or four great circles, mul- 
tiplied hy one third of its radius (Theo. X.), which is the 
same as one great circle multiplied by ^ of its radius, or by | 
of the diameter ; hence, the volume of the sphere is equal to f 
that of the circumscribed cylinder. 

378. Cor. 1. Hence the sphere is to the circumscribed 
cylinder as 2 to 3 ; and their volumes are to each other as 
their surfaces. 

379. Cor, 2. Since a cone is one third of a cylinder of the 
same base and altitude (Theo. V. Cor. 1), if a cone has the 
diameter of its base and its altitude each equal to the diam- 
eter of a given sphere, the volumes of the cone and sphere are 
to each other as 1 to 2 ; and the volumes of the cone, sphere, 
and circumscribing cylinder are to each other, respectively, as 
1, 2, and 3. 

EXERCISES 

FOR ORIGINAL THOUGHT, ON REVIEW. 

380. 1. The section of a cylinder made by a plane parallel 
to the bases is equal to either base. 

2. A cylinder and a parallelopipedon of equal bases and 
altitude are equivalent to each other. 

3. Two small circles equally A DEB 
distant from the center of a 
sphere are equal. 

4. A plane perpendicular to a 
radius at its termination in the 
surface, is tangent to the sphere. 

5. The side of either base of 
the largest rectangular prism 
that can be inscribed in a cylin- 
der is to the half diameter of the base of the cylinder as the 
square root of 2 to 1. 

6. The side of the largest cube that can be inscribed in a 
sphere is equal to the square root of one third of the square 
of the diameter of the sphere. 
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MENSURATION. 

DEFINITIONS. 

381* Mensuration is the process of determining the meas- 
urement of lines, surfiices and volumes. 

382* The Measuring Unit assumed for a given line some 
linear unit^ as 1 inch, 1 foot ; for a given surface, some super- 
Jicial unit, as 1 square inch, 1 square foot ; and for a given 
volimie, some cubic unit^ as 1 cubic inch, 1 cubic foot. 

NoTS. The following FrobleniBy at the discretion of the teacher, 
may he studied, after the completion of Book III. of the Geometiy, in 
connection with the text to which they refer, as the learner progresses in 
the remainder of the work. 

MENSURATION OF LINES AND SURFACES. 

Problem I. Any two sides of a right-angled triangle 
being given, to find the third side. 

To the square of ike base add the square of the perpen- 
dicular ; and the square root of the sum will give the 
hypothenuse (Theo. IX. Bk. IV.). 

From the square of the hypothenuse subtract the square 
of the given side, and the square root of the difference will 
be the side required (Theo. IX. Cor. 1, Bk. IV.). 

1. The base, A B, of the triangle ABC ^ 

is 48 feet, and the perpendicular, B C, 36 
feet ; what is the hypothenuse ? 

482 + 362 _- 3600 ; a/ 3600 = 60 feet, 
[the hypothenuse required. 
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2. The hypothenuse of a triangle is 53 feet, and the perpen- 
dicular 28 feet ; what is the base ? 

3. Two ships sail from the same port, one due west 50 
miles, and the other due south 120 miles ; how far. are thej 
apart ? Ans. 130 miles. 

4. A rectangular common is 25 rods long and 20 rods wide; 
what is the distance across it diagonally ? 

5. If a house is 40 feet long and 25 feet wide, with a pyr- 
^amidal-shaped roof 10 feet in hight, how long is a rafter which 

reaches from the vertex of the roof to a comer of the building ? 

Problem II. To find the area of a parallelogram. 

Multiply the base by the altitude, and the product will 

be the area (Theo. V. Bk. IV.). 

2) Q 

1. What is the area of a square, A B C D, 

whose side is 25 feet ? 

25 X 25 = 625 feet, Ans. 

2. What is the area of a square field whose 
side is 35.25 chains ? Ans. 124 A. 1 R. 1 P. A B 

3. How many square feet of ^boards are required to lay a 
floor 21 ft. 6 in. square ? 

4. Required the area of a square farm, whose side is 3,525 
links. 

5. What is the area of the rectangle ^ C 
ABCDj whose length, A jB, is 56 feet, 
and whose width, A D, is 37 feet? 

56 X 37 = 2,072 sq. feet, Ans. 

6. How many square feet in a plank, of ^ ^ 
a rectangular form, which is 18 feet long and 1 foot 6 inches 
wide? 

7. How many acres in a rectangular garden, whose sides 
are 326 and 153 feet ? Ans. 1 A. 23 P. 6 J sq. yd. 

8. A rectangular court 68 ft. 3 in. long, by 56 ft. 8 in. 
broad, is to be paved with stones of a rectangular form, each 
2 ft. 3 in. by 10 in. ; how many stones will be required? 

Ans. 2,062f stones. 

14 
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9. Required the area of the rhomboid D E C 
ABCD,o{ which the side ^ jB is 854 
feet, and the perpendicular distance, EF, 
between A B and the opposite side C Z>, 
is 192 feet. 

354 X 192 = 67,968 feet, Ans. 

10. How many square feet in a flower-plat, in the form of a 
rhombus, whose side is 12 feet, and the perpendicular distance 
between two opposite sides of which is 8 feet ? 

Problem m. The area of a rectangle and either of its 
sides being given, to find the other side. 

Divide the area by the given side, and the quotient will 
be the other side. 

If the rectangle be a square, the square root of the area 
will be the side, 

1. The area of a rectangle is 2,072 sq. feet, and the length 
of one of the sides is 66 feet ; what is the length of the other 
side? 

2072 -^ 56 = 87 feet, the side required. ^ 

2. How long must a rectangular board be, which is 15 
inches in width, to contain 11 square feet ? 

3. A rectangular piece of land containing 6 acres is 120 
rods long ; what is its width ? Ans. 8 rods. 

4. What is the side of a square containing 625 square €eet? 

\/625 = 25 feet, the side required. 

5. The area of a square farm is 124 A. 1 R. TP. ; how 
many links in length is its side ? 

6. A certain corn-field in the form of a square contains 
15 A. 2 R. 20 P. If the the com is planted on the margin, 
4 hills to a rod in length, how many hills are there on the 
margin of the field? Ans. 800 hills. 

Problem IV. The area of a rhomboid or rhombus and 
the length of the base being given, to find the altitude ; or the 
area and the altitude being given, to find the base. 
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Divide the area by the length of the base, and the quo- 
tient will be the altitude ; or 

Divide ihe area by the altitude, and the quotient will be 
the base. 

1. The area of a rhomboid is 67,968 square feet, and the 
length of the side taken as its base 854 feet; what is the 
altitude ? 

67,968 -r 354 = 192 feet, the altitude required. 

2. The area of a piece of land in the form of a rhombus is 
69,452 square feet, and the perpendicular distance between 
two of its opposite sides is 194 feet; required the length of one 
of the equal sides. Ans. 358 ft. 

3. On a base 12 feet in length it is required to find the 
altitude of a rhomboid containing 968 square feet. 

4. The area of a rhomboidal-shaped park \s 1 A. 3 R. 
34 P. 5 J yd. ; and the perpendicular distance between the two 
shorter sides is 96 yards ; required the length of each of these 
sides. Ans. 18 rods. 

Problem V. To find the area of a triangle. 

If the base and altitude are given, multiply the base by 
half the altitude, or half the base by the altitude. 

If the three sides are given, from half the sum of the 
three sides subtract each side ; multiply the half sum and 
the three remainders together, and the square root of the 
product will be the area required. 

1. Required the area of the triangle 
ABC, whose base, B C, is 210, and alti- 
tude, A D, is 190 feet. 

210 X JLfii = 19,950 square feet, the area 

[required. 

2. A piece of land is in the form of a 
right-angled triangle, having the sides about 
the right angle, the one 254 and the other 136 yards ; required 
the area in acres. Ans. 3 A. 2 R. 10 P. 29 J yd. 
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3. Required the number of square feet in a triangular board 
whose base is 27 inches, and altitude 27 feet. 

4. What is the area of a triangle whose baae is 15.75 chains, 
and the altitude 10.22 chains? ^ 

5. What is the area of a triangle, ABC, 
whose sides, AB, B C, CA^ are 40, 30, and 
50 feet ? 




30+40+50-7-2 =60, half the sum of 

[the three sides. 
60 — 30 = 80, first remainder. 
60 — 40 = 20, second remainder. 
60 — 50 = 10, third remainder. 
60 X 30 X 20 X 10 = 860,000 ; V860,000 = 600, square 
feet, the area required. 

6. How many square feet in a triangular floor, whose sides 
are 15, 16, and 21 feet? 

7. Required the area of a triangular field whose sides are 
834, 658, and 428 links. Ans. 1 A. 1 R. 20 P. 4 yd. 1.6 ft. 

8. Required the area of an equilateral triangle, of which 
each side is 15 yards. 

9. What is the area of a garden in the form of a parallelo- 
gram, whose sides are 432 and 263 feet, and a diagonal 342 
feet? Ans. 2 A. 10 P. 11.46 yd. 

Problem VI. The area and the base of a triangle being 
given, to find the altitude; or the area and altitude being 
given, to find the base. 

Divide double the area by the base, and the quotient will 
be the altitude ; or divide double the area by the altitude, 
and the quotient will be the base. 

1. The area of a triangle is 1300 square feet, and the 'base 
65 feet; what is the altitude? 

1300 X 2 = 2600 ; 2600 -r- 65 = 40 ft., altitude required. 

2. The area of a right-angled triangle is 17,272 yards, of 
which one of the sides about the right angle is 136 yards ; 
required the other perpendicular side. 
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8. The area of a triangle is 46.25 chains, and the altitude 
5.2 chains; what is the base? 

Problem VII. To find the area of a trapezoid. 

Multiply half the sum of its parallel sides by its altitude 
(Theo. VIL Bk. IV.). 

1. What is the area of the trapezoid 
A B C Dy whose parallel sides, A JS, 
D C, are 32 and 24 feet, and the alti- 
tude, EF, 20 feet? 

32 + 24 = 56; 56-^2 = 28; 28 X 



D E 



A F B 

[20 r= 560 sq. ft., the area required. 

2. How many square feet in a board in the form of a trape- 
zoid, whose width at one end is 2 feet 3 inches, and at the 
other 1 foot 6 inches, the length being 16 feet ? 

3. Required the area of a garden in the form of a trapezoid, 
whose parallel sides are 786 and 473 links, and the perpendic-~ 
ular distance between them 986 links. 

Ans. 6 A. 33 P. 3 sq. yd. 
Problem Vm. To find the area of a regular polygon. 

If the perimeter and apothegm, are given^ multiply the 
perimeter by half the apothegm^ and the product will be 
the area (Theo. XXV. Bk. IV.). 

If the perimeter and side are given, multiply the square 
of the side of the polygon by the area of a sim^ilar polygon 
whose side is unity or 1 (Theo. XXI. Bk. IV.). 

383. A Table of Regular Polygons whose Side is 1. 



NAMES. 


AREAS. 


NAMES. 


AREAS. 


Triangle, 


0.4330127 


Octagon, 


4.8284271 


Square, 


1.0000000 


Nonagon, 


6.1818242 


Pentagon, 


1.7204774 


Decagon, 


7.6942088 


Hexagon, 


2.5980762 


Undecagon, 


9.3656399 


Heptagon, 


3.6339124 


Dodecagon, 


11.1961524 



11* 
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1. Required the area of a regu- 
lar hexagon, A B C D E P, whose 
sides, AB^ B C^ &c. are each 15 
yards, and the apothegm, 3/, 13 
yards. 
15 X 6 = 90 ; 90 X -»/ = 585 yd., 

[the area required. 

2. What is the area of a regular 
pentagon, whose sides are each 25 feet, and the perpendicular 
from the center to a side 17,205 feet? 

8. A park is laid out in the form of a regular heptagon, 
whose sides are each 19.268 chains; and the perpendicular dis- 
tance fit)m the center to each of the sides is 20 chains. How 
many acres does it contain? Ans. 134 A. 8 R. 14 P. 

4. Required the area of an equilateral triangle, whose side 
is 100 feet 

100^ == 10,000 ; 10,000 X 0.4330127 = 4330.127 square 

[feet, the area required. 

5. What is the area of a regular pentagon, whose side is 37 
yards? 

6. How many acres in a field in the form of a regular un- 
decagon, whose side is 27 yards ? 

Ans. 1 A. 1 R. 25 P. 21 sq. yd. 2.7 sq. ft. 

Problem IX. To find the area of an irregular poly- 
gon. 

Divide the polygon into triangles^ or triangles and 
trapezoids, and find the areas of each of them separately ; 
the sum of these areas will be the area required. 

If the irregular polygon is a quadrilateral, the area may 
be found by multiplying together the diagonal and half the 
sum of the perpendiculars drawn from it to the opposite 
angles, 

1. Required the area of the irregular pentagon ABODE, 
of which the diagonal A C is 20 feet, and ^ Z> 36 feet ; and 
the perpendicular distance from the angle B to A C ia 8 feet, 
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from C to AD 12 feet, and from E to 
.4 2? 6 feet. 

20xf = 80; 36XV- = 216; 36 X § 

= 108 ; 80 + 216 + 108 = 404 sq". 

ft., the area required. * 

2. What is the area of a trapezium, 
whose diagonal is 42 feet, and the two perpendiculars from the 
diagonal to the opposite angles are 16 and 18 feet? 

3. In an irregular hexagon, ABCDEF^ are given the 
sides A B 686, B C 498, C D 620, D E 580, E F 398, and 
A F 492 links, and the diagonals A C 918, GE 1048, and 
A E 652 links ; required the area. 

Ans. 6 A. 2 R. 9 P. 28 sq. yd. 8.4 sq. ft. 

4. In measuring along one side, AB^ of a quadrangular 
field, A B C D^ that side and the perpendiculars let fall on it 
fix)m two opposite comers measured as follows : A B 1110, 
A E 110, A F 745, D E 352, C F 595 Imks. What is the 
area of the field ? Ans. 4 A. 1 R 5 P. 24 sq. yd. 

Problem XL To find the area of a circle. 

If the circumference and radius are given^ multiply the 
circumference by half the radius (Theo. XXXII. Bk. IV.). 

If the diameter or radius be given, m,ultiply the square 
of the half diameter or radius by 3.1416 (Theo. XXXII. 
Cor. 2. Bk. IV.). 

Scholium,, Multiplying the circumference by half the radius 
is the same as multiplying the circumference and diameter 
together, and taking one fourth of the product. Hence the 
area of the circle may also be found by multiplying the square 
of the diam,eter by 0.7854 ; or by m,ultiplying the square of 
the circumference by 0.07958. 

1. The circumference of a circle is 314.16 feet, and its radius 
60 feet; what is its area? 

314.16 X ^ = 7854 feet, the area required. 

2. If the circumference of a circle is 355 feet, and its diarn* 
eter 113 feet, what is the area? 
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S. What is the area of a circular garden, whose radius is 
281J links? Ans. 2 A. 1 R 38 rd, 9 yd. 6 ft. . 

4. A horse is tethered in a meadow by a cord 39.25075 
yards long ; over how much ground can he graze ? 

5. Required the ai^a of a semicircle, the diameter of the 
whole circle being 751 feet. Ans. 5 A. 18 P. 16 sq. yd. 

Problem X. To find the diameter or circumference of a 

CIRCLE. 

If the circumference is given^ divide it by 8,1416, and 
the quotient will be the diameter (Theo. XXXIL Cor. 8, 
Bk. IV.). 

If the diameter is given, multiply it by 8.1416, and the 
product will be the circumference. 

If the area is given, divide the area by 0.7854, and the 
square root of the quotient will be the diameter ; or, divide 
the area by 0.07958, and the square root of the quotient 
will be the circumference. 

The diameter may also be found by multiplying the circum- 
ference by .31831, the reciprocal of 8.1416. 

1. The diameter, A B, of the circle 
^ £ ^ F is 100 feet; what is its cir- 
cumference ? 

100 X 3.1416 = 314.16 feet, the 
[cumference required. 

2. Required the circumference of a 
circle whose diameter is 628 links. 

Ans. 1 fur. 88 rd.- 5 yd. 1.56 in. 

3. If the diameter of the earth is 7912 miles, what is its 
circumference ? 

4. Required the diameter of a circular pond whose circum- 
ference is 928 rods. Ans. 7 fur. 15 rd. 2 yd. 5.55 in. 

5. The area of a circle is 314.16 feet ; what is its diameter? 
814.16-^0.7854=1400; \/400 = 20 feet, the diameter re- 

[quired. 
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6. What must be the length of a cord to be used as a radius 
in describing a circle which shall contain exactly 1 acre ? 

7. The area of a circular pond is 6 A. 1 R 27 P. 18.2 yd. ; 
what is the circumference? Ans. 625 yd. 

8.' The area of a circle is 7856 feet; what is the circumfer- 
ence? 

9. The length of a rectangular garden is 32, and its width 
18 rods ; required the diameter of a circular garden having the 
same area. Ans. 27 rd. 1 sq. ft. 4 in. 

Problem XII. The diameter or circumference of a circle 
being given, to find the side of an equivalent square. 

Multiply the diameter by 0.8862, or the circumference 
by 0.2821 ; the product in either case will be the side of an 
equivalent square, 

For,^ since 0.7854 is the area of a circle whose diameter is 1 
(Prob. X. Sch.), the square root of 0.7854, which is 0.8862, 
is the side of a square which is equivalent to a circle whose 
diameter is 1. Now when the circumference is 1, the side of 
an equivalent square must have the same ratio to 0.8862 as 
the diameter 1 has to its circumference 3.1416 (Theo. XXXII. 
Cor. 4, Bk. VI.); and 0.8862 -f- 3.1416 gives 0.2821 as the 
side of the equivalent square when the circumference is 1. 

1. The diameter of a circle is 120 feet ; what is the side of 
an equivalent square ? 

120 X 0.8862 = 106.344 feet, the side required. 

2. The circumference of a circle is 100 yards ; what is the 
side of an equivalent square ? Ans. 28.21 yd. 

3. There is a circular floor 30 feet in diameter ; what is the 
side of a square floor containing the same area ? 

4. K 500 feet is the circumference of a circular island, what 
is the side of a square of equal area? Ans. 141.05 ft. 

Problem XIII. The diameter or circumference of a cir- 
cle being given, to find the side of the inscribed square. 

Multiply the diameter by 0.7071, or the circumference 
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by 0.2251 ; the product in either case will be the side of the 
inscribed square. 

For, 0.7071 is the side of the inscribed square when the 
diameter of the circumscribed circle is 1, since the side^f the 
inscribed square is to the radius of the circle as the square root 
of 2 to 1 (Theo. XXIIL Cor. 2, Bk. IV.) ; consequently, the 
side is to the diameter, or twice the radius, as half the square 
root of 2 is to 1, and half the square root of 2 is 0.7071, ap- 
proximately. Now, the ratio of the diameter of a circle to the 
side of its inscribed square being as 1 to 0.7071, and the ratio 
of the circumference of a circle to its diameter as 8.1416 to 1, ^ 
the ratio of the inscribed square is to the circumference of the 
circle as 0.7071 to 8.1416 ; and 0.7071 -r- 8.1416 gives 0.2251 
as the side of the inscribed square when the circumference is 1. 

1. The diameter, -4 C, of a circle is 110 
feet ; what is the side, A B, of the inscribed 
square? 
110 X 0.7071 == 77.781 feet, the side re- 

[quired. 

2. The circumference of a circle is 800 
feet ; what is the side of the inscribed square 'i 

Ans. 67.53 ft. 
8. A log is 86 inches in diameter ; of how many inches 
square can a stick be hewn from it? 

4. There is a circular field 1000 rods in circuit ; what is 
the side of the largest square that can be described in it ? 

Ans. 225.10 rods. 

The Ellipse. 

384. An Ellipse is a plane figure bounded by a curve, 
from any point of which the sum of the 
distances to two fixed points is equal to 
a straight line drawn through those two 
points, and terminated both ways by the 
curve. 

Thus ^ D i^ C is an ellipse. The two 
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fixed points G and H are called the foci. The longest diame- 
ter, A JS, of the ellipse is called its major or transverSe axis, 
and its shortest diameter, CD, is called its minor or conju- 
gate axis. 

385. The Area of an ellipse is a mean proportional between 
the areas of two circles whose diameters are the two axes of the 
ellipse. 

Problem XIV. To find the area of an ellipse, the major 
and minor axes being given. 
#. Multiply the axes together, and their product by 0.7854, 
and the result will be the area. 

For A B^ X 0.7854 expresses the area of a circle whosp 
diameter is A B, and C LP X 0.7854 expresses the area of a 
circle whose diameter is CD; and the product of these two 
areas is equal to AB^xCD^X 0.7854^, which is equal to 
the square of ^ jB X CDX 0.7854 ; hence, ABx CD X 
0.7854 is a mean proportional between the areas of the two 
circles whose diameters are A B and C D (Theo. III. Bk. 
n.) ; consequently it measures the area of an ellipse whose 
axes are A jB and CD (Art. 429). 

1. Required the area of an ellipse, of which the major axis 
is 60 feet, and the minor axis 40 feet. 

60 X 40 X 0.7854 = 1884.96 sq. ft., the area required. 

2. What is the area of an ellipse whose axes are 75 and 35 
feet? 

3. Required the area of an ellipse whos'e axes are 526 and 
354 inches. Ans. 112 yd. 7 ft. 84.62 in. 

4. How many acres in an elliptical pond whose semi-axes 
are 436 and 254 feet? 

Ans. 7 A. 3 R. 37 P. 27 sq. yd. 7 sq. ft. 

MEASUREMENT OF VOLUMES. 

Problem XV. To find the surfiice of a right prism. 

Multiply the perimeter of the base by the altitude, and 
the product will be the convex surface (Theo. I. Bk. VI.). 
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To this add the areas of the two bases, and the result wiU 
be the ENTIRE surface. 

1. Required the convex surface of a pen- 
tangular prism, haying each side of its base, 
ABODE, equal to 2 feet, and its altitude, 
A F, equal to 5 feet. 
2 X 5 = 10 ; 10 X 5 = 50 square feet, the 

[convex surface required. 

2. The altitude of a hexangular prism is 
12 feet, two of its faces are each 2 feet wide, 
three are each 2} feet wide, and the remaining face is 9 inches 
wide ; what is the convex surface of the prism ? 

' 8. Required the entire surface of a cube, the length of each 
edge being 25 feet. 

4. Required, in square yards, the wall surface of a rectan- 
gular room, whose hight is 20 feet, width 80 feet, and length 
50 feet. Ans. 855J sq. yd. 

Problem XVI. To find the volume of a prism. 
Multiply the area of its base by its altitude, and the 
product will be its volume (Theo, IX. Bk. VI.). 

1. Required the volume of a pentangular prism, having each 
side of its base equal to 2 feet, and its altitude ^ual to 5 feet 
22 X 1.72048 = 6.88192 ; 6.88192 X 5 = 34.40960 cubic feet, 

[the volume required. 

2, Required the volume of a triangular prism, whose length 
is 10 feet, and the three sides of whose base are 3, 4, and 5 
feet. Ans. 60. 

8. A slab of marble is 8 feet long, 3 feet wide, and 6 inches 
thick ; required its volume. 

4. There is a cistern in the form of a cube, whose edge is 10 
feet ; what is its capacity in liquid gallons ? 

Ans. 7480.519 gallons, 

5. Required the volume of a quadrilateral prism, the length 
being 19 feet, the sides of the base 43, 54, 62, and 38, and the 
diagonal between the first and second sides, 70 inches. 

Ans. 306.047 cu. ft. 
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Problem XVII. To find the surface of a right pyramid. 

Multiply the perimeter of the base by half its slant 
highly and the product will be the convex surface (Tlieo. 
XVn. Bk. v.). To this add the area of the base, and the 
result will be the entire surface. 

Scholium. The* surface of an oblique pyramid is found by 
taking the sum of the areas of its several faces. 

1. Required the convex surface of a 
pentangular pyramid, ABCDE-S, 
each side of whose base, AB C D Eyia 

5 feet, and whose slant hight, SM,ia20^ 
feet 

6 X 6 = 25; 25 X ^^ = 250 square feet, 

[the surface required. 
. 2. What is the entire sur&ce of a tri- 
angular pyramid, of which the slant hight 
is 18 feet, and each side of the base 42 
inches? Ans. 99.804 sq. fl;. 

8. Required the convex sui^e of a triangular pyramid, the 
slant hight being 20 feet, and each side of the base 3 feet. 

4. What is the entire sur&ce of a quadrangular pyramid, 
the sides of the base being 40 and 80 inches, and the slant hight 
upon the greater side 20.04, and upon the less side 20.07 feet? 

Ans. 125.808 fl. 
Problem XVIII. To find the surface of a frustum op a 

RIGHT pyramid. 

Multiply half the sum, of the perimeters of its two bases 
by its slant hight, and the product will be the convex sur- 
face (Theo. XIX. Bk. V.) ; to this add the areas of the two 
bases, and the result will be the E^TIKE surface. 

1. What is the entire surface of a rectangular frustum 
whose slant hight is 12 feet, and the sides of whose bases are 5 
and 2 feet? 

6X4 = 20; 2x4=8; 20 + 8 = 28; ^s x 12 = 168; 
5*^ + 22 = 29; 168 -1-29= 197 sq. ft., area required. 
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2. Required the convex surfiice of a regular hexangular 
frostum, whose slant hight is 16 feet, and the sides of whose 
bases are 2 feet 8 inches and 3 feet 4 inches. 

3. What is the entire surface of a regular pentangular frus- 
tum, whose slant hight is 11 feet, and the sides of whose bases 
are 18 and 34 inches? Ans-. 136.849 sq. ft. 

Problem XIX. To find the volume of a pyramid. 
Multiply the area of its base by one third of its altitude 
(Theo. XXn. Bk, V.). 

1. Required the volume of a pentan- 
gular pyramid, ABCDE-S, each side 
of whose base, ABODE, ia 5 feet, and 
whose altitude, iS^ O, is 15 feet 
59 X 1.7205 = 43.0125; 43.0125 X V 

z= 215.0575 cu. ft., the volume r^ 
quired. 

2. What is the volume of a hexangu- 
lar pyramid, the altitude of which is 9 
feet, and each side of the base 29 inches? 

3. What is the volume of a square pyramid, each side of 
whose base is 30 feet, and whose perpendicular hight is 25 
feet? Ans. 7500. 

4. Required the volume of a triangular pyramid, the per- 
pendicular hight of which is 24 feet, and the sides of the base 
34, 42, and 50 inches. Ans. 39.2354 cu. ft. 

Problem XX. To find the volume of a frustum of a 

FVRAMID. 

Add together the areas of the two bases and a mean pro- 
portio?ial between them, and m>tdtiply that sum, by one third 
of the altitude of the frustum (Theo. XXIIL Bk. V.). 

1. Required the volume of the frustum of a quadrangular 
pyramid, the sides of whose bases are 3 feet and two feet, and 
whose altitude is 15 feet. 

3X3=9; 2 X 2 = 4; Vdxi = 6 (Theo. lU. Bk. H.); 
(9 -f- 4 -f- 6) X V^ = 95 cu. ft, volume required. 
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2. How many cubic feet in a Btick of timber in the form of 
a quadrangular frustum, the sides of whose bases are 15 inches 
and 6 inches, and whose altitude is 20 feet? • 

8. Required the volume of a pentangular frustum, whose alti^ 
tude is 5 feet, each side of whose lower base is 18 inches, and 
each side of whose upper base is 6 inches. Ans. 9.S19 cu. ft. 

4. Required the volume of the frustum of a triangular pyra- 
mid, the altitude of which is 14 feet, the sides of the lower 
base 21, 15, and 12, and those of the upper base 14, 10, and 8 
feet. Ans. 868.752 cu. ft. 

Problem XXL To find the surface of a cylinder. 

Mtdtiply the circumference of its base by its altitude^ 
and the prodtict will be the convex surface (Theo. I. Bk. 
VI.). To this add the areas of its two bases, and the 
result will be the entire surface. 

1. What is the entire surface of a cylinder, 
the altitude of which, A B, is 10 feet, and the 
circumference of the base 20 feet ? 
10 X 20 = 200 ; 20^ X 0.07958 X 2 = 63.264 ; 

200 + 63.264 = 263.264 sq. ft;., the sur&ce 
required. 

2. Required the convex surface of a cylinder 
whose altitude is 16 feet, and the circumference 
of whose base is 21 feet. 

3. What is the entire surface of a cylinder whose altitude is 
10 inches, and whose circumference is 4 feet? 

4. How many times must a cylinder 5 feet 3 inches long, 
and 21 inches in diameter, revolve, to roll an acre ? 

Ans. 1509.18 times. 
Problem XXIL To find the volume of a cylinder. 
Multiply the area of the base by the altitude, and the 
jproduct will be the volume (Theo. IE. Bk. VI.). 

1. What is the volume of a cylinder, whose altitude is 10 
feet, and the circumference of whose base is 20 feet ? 

202 X 0.07958 X 10 = 318.32 cu. ft., volume required. 
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2. Required the volome of a cylindrical log, whose length is 
9 feet, and the circumference of whose base is 6 feet. 

Ans. 25.7831 cu. ft. 

S. The Winchester bushel is a hollow cylinder 18^ inches* 
in diameter, and 8 inches deep ; what is its capacity in cubic 
inches? 

Problem XXTTT. To find the surface of a cone. 

Multiply the circumference of the base by half the slant 
hight (Theo. HI. Bk. VL), and the product will be the 
convex surface. To this add the area of the base, and the 
result will be the entire surface, 

1. What is the convex surface of a cone, whose slant hight 
is 28 feet, and the circumference of whose base is 40 feet? 

40 X V- = 560 sq. ft., the surface required. 

2. Required the entire sur&ce of a cone, whose slant hight 
is 14 feet, and the circumference of whose base is 92 inches. 

3. What is the surface of a cone, whose slant hight is 9 
feet, and the diameter of whose base is 36 inches? 

4. How many yards of canvas are required for the covering 
of a conical tent, the slant hight of which is SO feet, and the 
circumference of the base 900 feet? Ans. 1500 sq. yd. 

Problem XXIY. To find the sur&ce of a frustum of a 

CONE. 

Multiply half the stim of the circumferences of its two 
bases by its slant hight, and the product will be the convtex 
surface (Theo. IV. Bk. VL). To this add the area of its 
bases, and the result wUl be the entire surface. 

Scholium, The convex sur&ce of a frustum of a cone may 
also be found by multiplying the slant hight by the circum- 
ference of a section at equal distances between the two bases 
(Theo. IV. Cor., Bk. VL). 

1. Required the convex surface of a frustum of a cone, 
whose slant hight is 20 feet, and the circumferences of whose 
bases are 30 feet and 40 feet. 

^±^ X 20 = 700 sq. ft., the surfeoe required. 
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2. Required the surface of a frustum of a cone, the diamC' 
ters of the bases being 43 inches and 23 inches, and the slaift 

^ hight 9 feet. 

3. What is the convex surface of a frustum of a cone, of 
which a section equidistant from its two bases is 24 feet in 
circumference, the slant hight of the frustum being 19 feet? 

4. From a cone the circumference of whose base is 10 feet, 
and whose sLint hight is 80 feet, a cone has been cut off, whose 
slant hight is 8 feet. What is the convex surface of the frus- 
tum? Ans. 139^ sq. ft. 

Problem XXV. To find the volume of a cone. 

Multiply the area of its base by one third of its altitude^ 
and the product will be the volume (Theo. V. Bk. VI.) 

1. What is the volume of a cone whose altitude is 42 feet, 
and the diameter of whose base is 10 feet? 

102 X 0.7854 X ^- = 1099.66 cu. ft., volume required. 

2. Required the volume of a cone whose altitude is 63 feet, 
and the radius of whose base is 12 feet 6 inches. 

3. How many cubic feet in a conical stick of timber, whose 
length is 18 feet, the diameter at the larger end being 42 
inches ? Ans. 57.7269 cu. ft. 

Problem XXVI. To find the volume of the frustum of 

A CONE. 

Add together the areas of the two bases and a mean 
proportional between them^ and m^ultiply that sum. by one 
third of the altitude of the frustum; and the result will be 
the volume required (Theo. VI. Bk. VI.). 
1. What is the volume of a frustum of 
a cone, C D E F, whose altitude, A JS, 
is 21 feet, and the area of whose bases, 
FE, CD, are 80 square feet and 300 
square fe6l? 

(80 + 300 + \/80x300) X ^ = 
8732.96 cu. ft., volume required. 
16 ♦ 
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2. Required the Yolume of a frustum of a cone, the diame- 
ters of the bases being 38 and 27 inches, and the altitude 11 
feet. 

3. If a cask, which is two equal frustums of cones joined 
together at the larger bases, have its bung diameter 28 inches, 
the head diameter 20 inches, and length 40 inches, how many 
gallons of wine will it hold? Ans. 79.06. 

Problem XXYII. To find the surface of a sphere. 

Multiply the diameter by the circumference of a great 
circle of the sphere (Theo. IX. Bk. VL) ; or multiply the 
area of one great circle of the sphere by 4 (Theo. VIII. 
Cor. 1, Bk. VL) ; or multiply 3.1416 by the square of the 
diameter (Theo. IX. Cor. 4, Bk. VI.). 

1. What is the surfiice of a 
sphere, whose diameter, E D, is 
40 feet, and whose circumfer- 
ence, AEBD/y& 125.664 ? 
125.664 X 40 = 5026.56 sq. ft., 

[the sur&ce required. 

2. Required the surface of a 
sphere whose diameter is 30 
inches. 

3. What is the surface of a 
globe whose diameter is 7 feet and circumference 21.99 feet? 

Ans. 153.98, 

4. How many square miles of surface has the earth, its 
diameter being 7912 miles? 

Problem XXVni. To find the volume of a sphere. 

Multiply the surface of the sphere by one third of its 
radium (Theo. X, Bk. VI.) ; or multiply the cube of the di- 
ameter of the sphere by 0.5236 (Theo. X. Cor. 5, Bk. VL). 

1. What is the yolume of a sphere whose diameter is 40 
inches? 

403 X 0.5236 = 33610.4 cu. in., the volume required. 




Digitized by 



Google 



PRACTICAL APPLICATIONS. 175 

2. Required the solidity of a globe whose circumference is 
60 inches. ^ 

3. What is the solidity of the moon in cubic miles, supposing 
it a perfect sphere with a diameter of 2160 miles ? 

4. Required the solidity of the earth, supposing it fo be a 
perfect sphere, whose diameter is 7912 miles. 

Ans. 269332805349.80498 cu. miles. 



MISCELLANEOUS EXERCISES. 

386. 1. There is a park in the form of a square containing 
10 acres ; how many rods less is the distance from the center to 
each comer, than the length of the side of the square ? 

Ans. 11.716 rods. 

2. How many many acres in a rhomboidal field, of which 
the sides are 1234 and 762 links, and the perpendicular dis- 
tance between the longer sides of which is 658 links? 

Ans. 8 A. 19 P. 4 sq. yd. 6^ sq. fl. 

3. Required the area of an isosceles triangle, whose base is 
25 and each of its equal sides 40 rods. 

4. What is the area of a rhomboidal field, whose sides are 
57 and 83 rods, and the diagonal 127 rods ? 

Ans. 22 A. 3 R. 21 P. 26 yd. 5 fl. 

5. The area of a rectangular farm is 266 A. 3 R. 8 P., and 
the breadth 46 chains ; what is the length ? Ans. 58 chains. 

6. A triangular field contains 30 A. 3 R. 27 P. ; one of its 
sides is 97 rods ; required the perpendicular distance from the 
opposite angle to that side. Ans. 102 rods. 

7. What is the area of a triangular field whose base is 97 
rods, and the perpendicular distance from the base to the oppo- 
site angle 40 rods ? Ans. 12 A. 20 P. 

8. What is the side of a square containing 625 square feet? 

Ans. 25 feet. 

9. Required the area of a garden in the form of a trapezoid, 
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whose parallel sides are 786 and 473 links, and the perpendic- 
ular distance between them 986 links. 

Ans. 6 A. 38 P. 3 yd. 

10. How many acres in a' quadrilateral field, having two 
parallel sides 83 and 101 rods in length, and which are distant 
from each other 60 rods ? 

11. If the sides of a rectangle, ^i?CZ>, - P F O 
are 25 and 14 feet, how wide an area, 
E BCF, to contain 154 square feet, can 
be cut off by a line parallel to the side 
ADf Ans. 11 feet ^ 

12. A farmer has a field IG rods square, and wishes to cut 
off from one side a rectangular lot containing exactly one acre; 
what must be the width of the lot? 

13. A carpenter sawed off, from the end of a rec&ngular 
plank, in a line parallel to its width, 5 square feet. From the 
remainder he then sawed off, in a line parallel to the length, 8 
square feet. Required the dimensions of the part still remain- 
ing, provided the original dimensions of the plank were 20 feet 
by 15 inches. Ans. 16 feet by 9 inches. 

14. In a four-sided rectilineal field, A B C D, on account 
of obstructions, there could be taken only the following meas- 
ures : the two sides B C 265 and A D 220 yards, the diagonal 
A C 378, and the two distances of the perpendiculars from. the 
ends of the diagonal, namely,-^ E 100, and C F 10 yards. 
Required the area in acres. 

15. What is the volume of a regular triangular pyramid 
whose edge is 24 yards ? Ans. 1629.158 cu. yd. 

16. Required the volume of the largest rectangular beam 
that can be sawed from a cylindrical log 20 feet long and 14 
inches in diameter. 

17. Required the capacity of a tub in the form of a frustum 
of a cone, of which the greatest diameter is 48 inches, the in- 
side length of the staves 30 inches, and the diagonal between 
the farthest extremities of the diameters 50 inches. 

Ans. 165.34 gals. 
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STANDARD AND ENDURING." 



GREENLEAF'S 




MERITORIOUS AND ECONOMICAL, 
Tested and proved, these books have an unprecedented popularity. 

Over l,eOO,000 Oopies iii rase ! 



DISTII(GUISHIf^G FEATDI^ES. 



1. A complete course for all classes of learners, upon the same plan and by 
one author. 

2. The Primary Books are strictly elementary, and not mere abstracts or 
abridgments of larger works. 

3. Each book is complete in itself, but so constructed as to prepare the 
learner for systematic progress. 

4. The methods and processes are entirely modern, and most happily combine 
science and practice. 

5. The course is arranged with a view of saving the time of the learner, and 
of expense, by the use of the smallest number of text-books. 

6. The several books are beautifully illustrated, printed upon sized paper, and 
handsomely and durably bound. 



- SCHOOL OFFICERS 

Oontemplatiiig a cliange of Mathematical Text-Books, are inyited to 
examine GREENLEAF'S NEW SERIES. Address, 

ROBERT S. DAVIS & CO., 

36 Bromfield St., Boston. 
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GKEENLBAF'S NBtt^ MATHfiUATICAL SERIES. 

NEW SERIES OF ARITHMETICS. 



Each Book i« complete in itself, «md sold uepmmibAjm 



Superior to all others in use. 



I. In dearneu of statement 

a. In prosressiTe dcTelopment. 

3. In logical arrangement. 

4. In conciseness and accuracy. 

5. In simplicity of analysis. 



6. In improved processes. 

7. In conformity to business usages 

8. In variety of practical problems. 

9. In conformity to new legal standards, 
xo. In adaptation to all classes of pupils. 



NEW PRIMARY ARITHMETIC. 

This book is on the plan of Object Teaching, and is beautifully illustrated. 

It combines Written and Oral Exercises, in lessons, all of an inviting 
and attractive nature. 

Primary Classes are fully prepared by its use lor the next book of the 
series. 



NEW ELEMENTARY ARITHMETIC. 

A Comprehensive Manual, at once inductive, analytic and useful, ex- 
pressly prepared to provide for new educational demands. 

It is especially adapted to Intermediate Classes, and to the wants of 
pupils whose limited opportunities require that they should learn much in the 
shortest possible time. 

It brings together in a brief form the essentials of arithmetic, mental and 
written, the fundamental rules, fractions, i^ercentage and interest, and with the 
New Primary Arithmetic forms a complete course, in only two book$. 
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GREENLEAF'S NEW MATHEMATICAL SERIES, 



NEW PRACTICAIi ARITHMETIC. 

A Complete Arithmetic, entirely modern in its methods, and combining 
throughout practical utility with scientific accuracy. 

It was the first to make written exercises intellectual, to thoroughly enforce 
educational results by means of systematic review questions and exercises, and to 
introduce certain technical work of great value to Business Men, Farmers, 
Masons and Carpenters. 

The extent to which this book has caused like books to be revised or re-writ- 
ten, is a sufficient evidence of its standard character. 

Its important features, such as the early introduction of the decimal point, 
the avoiding Df many special rules, and of obsolete or extraneous matter, and the 
introduction of valuable new applications, have aided to make this work the most 
popular of its kind now before tlie public 

In it may be found, treated in a practical manner, the Metric System, Stocks 
and Government Securities, new par of English Exchange, and the new leg^l 
values of Foreign Coins. 



It will be noted that this work, with 'Greenleaf's New Primary and New 
Elementary Arithmetics, forms a clear, practical, comprehensive system, a time- 
saving and labor-saving course, 

ooi.^i>LBTB ngr cyNiirz^ tkcrbb soo^s, 

and is believed to be the cheapest, most convenient and productive, that has ever 
appeared. 

By their use, in comparison with some extended courses of five or more 
books, it is safe to say that the learner may not only make better progress, but 
at least 

Save Two Tears of Valuable Time! 
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GRERNLEAF'S NEIT MATHEMATICAL SERIES. 



GREENIiEAF'S ARITHMETICS 

have been approved for, and are now used, in the most important Schools of 
BOSTON. NEW YORK CITY. PHILADELPHIA. 

and many other cities ; and have been recently introduced into upwards of 6300 
SohooU in the Eastern and Middle States, including entire uniformity in 
numerous counties. 

GREENLEAFS is the standard in upwards of 1,000 Cities and 
Towns in the New England States alone. 



TESTIMONIALS. 



From Rbv. Lbvkrktt Griggs, School Vuiior, Bristol, Conn., April 3, igjS-— "Some years 

since, GreenleaTs Arithmetics were used in our schools. They were displaced by ^-. 

Last Fall the Board unanimously adopted Greenleaf 's New Series, to the great satisfaction of our 
most accomplished teachers, as well as that of our school officers.'* 



From Rbv. A. £. Dbnnison, Acting School Visiior, PlaimvilUy Conn., June, 1875.— 
"Greenleaf's New Series of Arithmetics give satisfiurtion. We are well satisfied with the 
change from . 



From S. P. Williams, A M., Principal of Union Graded School, PlainvHU, Conn., 
June, 1875. — •* Greenleaf*s New Series has many merits. I am much pleased with the change." 



Frvm Nathaniel Wilcoxbn, Chairman 0/ School Board, Oxford, Conn., March 11, 
1875. — " I have given Greenleaf 's New Series of Mathematics a careful examination. I find it, I 
may welt say, the best adapted to our schools of any with which I am acquaintefi." 



From Linus T. Gilbbrt, School Visitor, Litchfield, Conn., Jan. 2, 1S75. — " Greenle;if 's 
New Series of Arithmetics are just what we have wanted for some time. I think them^f superior 

to -, formerly in use. I am pleased that tliey have been introduced in our schools. 

There are many new features in the books that must commend them to towns now using books 
like ■ , as we formerly had." 
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GREBNLEAF'S NEW MATHEMATICAL SERIES, 



From S. T. Dutton, Principal SotUh Norwalk School^ Ct, April, 1875.—" I have used 
GreenleaPs Mathematical Works, and take pleasure in testifying to the rare excellencies whiclv 
they possess. So well are they adapted to the popular wants that I never heard a teacher speak 
of them as deficient in any respect." 



From K T. Hayward, Principal W^. District Grammar School, RockviUe, Ct., April, 1875. 
" Having tested GreenleaPs New Arithmetics in my school for a term of fourteen weeks, I cheer- 
fully recommend them to the favorable consideration of all teachers in need of good text'books. 
The prominence given to the principles eipbodied in the fundamental rules, and the constant 
attention to practical applications throughout the works are prominent excellencies." 



From Hrman R. Txmlow, Acting School Visitor t Southingtony Ct., Dec, 1874.— "I have 
examined vrith care GreenleaPs New Arithmetics, and for three months they have been in use in 
the eleven school districts of this town. The period of use is too brief to justify the commendation 
a longer experience might contribute. But after repeated personal examinations of the series, and 
quietly watching the fruits as they appear, I am prepared to defend the change the School Board 
made last spring ; and not only this, but I feel warranted in stating the conviction that the Green- 
leafs New Series is surpassed by none in the country " 



From W. E. Hawkins. East Hartford, Conn,, April, 1875.— "I have used GreenleaPs 
Arithmetics for some years, and can heartily recommend the New Series as meeting the wants of 
the school room in every particular." 



From L. N. Cummings, Principal 0/ High School, Portland, Conn., April 29, 1874. — "I 
have recently introduced into my school GreenleaPs New Practical Arithmetic. Having previously 
examined many other editions, I can truly say it is the most instructive and complete of any " 
Arithmetic I have ever seen, and I would heartily recommend it to the consideration of teachers 
and school officers everywhere." 



From R. B. Clarkb, Fitchburg, Jan. 23, 1875. — " We have used GreenleaTs Series, as a 
whole, or in part, for several years, with entire satisfaction. In my opinion they have not been 
surpassed in excellence as tjxt-books.'* 



From Frank M. Wilkins, Principal 0/ High School, Canton, Mass. — " We use in our 
school Greenleafs National Arithmetic, Algebra, Geometry and Trigonometry. I know of no 
series of text-books on any subject which I use with so much pleasure and satisfaction in school. 
The Algebra especially is above praise." 



Digitized by 



Google 



GRBElfLEAF*S NEW MATHEMATICAL SERIES, 



From Pbkcy S. Bbyant, PriMcipal of Hig^h School^ ThompsonviUe^ Conn. — ** I liave care- 
fully examined Greenleafs New Mathematical Series, and consifler it superior to any with which 
I am familiar. I gladly recommend it to all who desire first-dass text-books.'* 



From H. P. ToPLirr, Prineipal^ Graded School^ Brooklyn^ Comm.—"! consider Greenlears 
New Elementary Algebra the hest of the best, having used it as a text-book in the school-room 
for some yean. It is the text-book on Algebra adopted for this town." 



From A. L. Gbrkish, ProtidotU of Maine Central I tutUuU. — ** Many years acquaintance with 
Greenleaf *8 Arithmetics, with a good opportunity to omipare them with others, has led me to the 
conclusion that they are the beet exiamt^ and that their great popularity has been won by real merit. '* 



From E. D. Sanbokn, Pro/euorin Dartmouth College. — "Greenleafs works have all a deserved 
popularity, and their general use attests their excellence. The most experienced teachers adopt 
them,** 



From W. L. P. Boakdmam, mow Principal ^ Lewi* Grammar School^ Boston.—^'' I have 
always liked Greenleaf 's Series of Arithmetics. The improvements contained in the new prac- 
tical Arithmetic, make it in my estimation, one of the very best books before tlie public." 



From I. Vam Houtbn, President of Board of Education^ Patersony N, 7.— "At the last 
meeting of the Board of Education of this dty, Greenleaf 's New Series was adopted for exclusive 
use in our schools." 



From AUkVSOYt'PKtUKRt Superintendent o/Schoolsy Long Island City, N. K— "A trial of 
three years has satisfied all our principals of the general superiority of Greenleafs Arithmetics, 
and all are favorable to the books. The New Practical we consider /n^^i!9«, both as to arrange- 
ment and on account of new and important matter contained in it.'* 



From Gbokgb C. Fbnm, Principal of Grammar School, Ware, Mass.— ** For accuracy 
and conciseness, Greenleaf *s New Series of Arithmetics, - now used in all our schools, is 
unsurpassed.'* 



From A. M. Bbbchbr, Principal tif Seminary, Hartford, C/.— " We have recently adopted 
Greenleafs Series. Our professor gives the books cordial commendation." 
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GREENLBAF'S NEW MATHEMATICAL SERIES, 



From Asa Morehouse, School Commissioturf Second District^ Ora$tge County, N. V.-^ 
"Greenleaf*s New Series of Arithmetics are quite extensively used in this county, and wherever 
used they are giving good satisfaction.'' 



From A. C. Brackett, Principal of Storer Normal School^ W, K*.— "We shall hereafter 
use Greenleaf's Arithmetics, and no others, in this institution.'* 



From D. C Stone, Professor in Oakland CoUe^e^ Col.—'* I have used Greenleaf's Arithme- 
tics for several years, and am not disposed to change." 



From J. S. Cillby, Principal of Graded School, Brandon, Vi, — ** We have used Green- 
leaf's Arithmetics in the Graded School for five years, and we shall continue to use them in years 
toe 



Froml&KiKH N. Leigh, Cotmiy Examiner, Hunterdon Co.,Ny, — " I have tested in the 
class-room, during a period of thirteen years, the different series of Arithmetics claimed to be the 
best, and found none to suit the wants of pupils better than Greenleaf 's Series. Greenleaf 's 
Arithmetics are used with great uniformity in this county. 



From J. H. Walker, County Examiner, Bergen County, Englewood, N. y.— "Having 
used Greenleaf's Mathematical Text-books in the school-room for several years, it gives me 
pleasure to state that I know of no hooks so well adapted to the wants of our public schools." 



From Dr. John M. Brewster, Superintendent of Public Schools, Pittsfield, Mass.-- 
" Greenleaf 's Arithmetics were introduced last Fall, by the unanimous vote of the School 
Committee, into all the public schools of Pittsfield ; and all concerned, teachers and pupils, 
are glad of the change. We feel confident that now we are in possession of the best Arithme- 
tics our pupils have ever^used." 



From Charles T. Whitman, Town Supervisor of Schools, Norway, J/r.— " Greenleaf 's 
New Practical Arithmetic is the lest A rithmetie we have ever used. These and similar words 
of commendation are the universal sentiments of our teachers." 
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GREENLEAP'S NSIV MATHEMATICAL SBXIES. 

GREEN LEAF'S 
HIGHER SCHOOL MATHEMATICS. 



NEW ELEMENTARY ALGEBRA. 

This is a well-known popular favorite, and admitted on all hands to be a work 
of rare excellence. Its extraordinary success has led to the publication of a 
number of imitation treatises, but all falling far short of the merit of the original 



NEW SHORTER COURSE IN GEOMETRY. 

The increased attention given of late to the application of Geometry in 
Elementary Education, has made a necessity a brief course like this. It contains 
all the more important theories and problems of the science, with exercises for 
original thought and practical applications. The success of this work shows that 
it is meeting a general want 



RECOMMENDATIONS. 



From Rev. Ceokgb Gannett, Prineipalo/tJu GtmtuU ImtiiitU for Yo%mg Ladus^ Ckex- 
tor Square^ Boston, — *' We have for some years, and exclusively, used in our Institute, Green- 
leaf's Mathematical Series. With these works, improved and perfected as they have been from 
time to time, I have been perfectly satisfied, and have no desire to exchange them for any others 
with which I am acquainted. They combine all the best qualities which I can conceive of 
as desirable in such books. With the New Elementary Algebra I am eqiiedally pleased.'' 



From Edward G. Ward, Principal of Puldic School No. ix, y*rsey City, N. 7.— "My ex- 
perience with Greenleaf 's Mathematics justifies me in speaking of them In terms of the highest 
commendation. The Geometry, the Algebra, the Arithmetic,— are all good.'' 



From J. D. Smith, Principal of IVorcotter Academy, Jikr«.—" My experience has convinced 
me that GreenleaPs Elementary Algebra stands among the very host works on the subject. We 
use the work lA this institution." 



From George A. Wentwokth, Professor of Mathemaiics, Phillips Academy, Exeter, N.H. 
— "I have used Greenleaf 's New Elementary Algebra for more than six years. It has proved so 
satisfactory that I have no desire or inclination to change for any other." 



From Isaac N. Carlbton, Principal of Normal School, Conn. — "Although sorely pressed 
to adopt some other Algebra, we still continue to use Greenleaf 's in the Normal School, and con- 
sider it the best. 
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GREENLEA F^S NEW" MA THE MA TIC A L SERIES, 

GREENLEAF'S 
UNIVERSITY MATHEMATICS. 



New Higher Algebra, 

This elegant treatise, containing many important improvements, meets very 
fully the requirements of the best standard of instruction in Agricultural Col- 
leges, Institutes of Technology and Universities. 

Elements of Geometry. 

Its arrangement is the simple order adopted by Legendre. The acknowl- 
edged improvements of M. DeCunha have been carefully incorporated into 
the work. Numerous miscellaneous Geometrical Exercises are a distinctive 
feature, and make the course both complete and practical. 

Elements of Trigonometry. 

In this comparatively short course. Plane and Spherical Trigonometry is 
analytically treated and practically applied. The Trigonometric Functions, in 
accordance with the modern method, -have been regarded as ratios. The work is 
full and comprehensive^ containing the most useful applications, with full tables, 

IIVIPORTANT TESTIIVIONY. 

From C. O. Thompson, now Principal 0/ ImstHuU of Teckmical Science^ Worcester^ Mass.-- 
** Greenleaf *8 Algebras work well in my school. The New Elementary is logical, lucid, progres- 
sive, and dignified, and the Nbw Higurr is, if posuble, better than the Elementary.'' 



From Q.nKK\x& H. SvLVTHt Professor 0/ Matkematics, Bowdoin College, Me.—**l have care- 
fully examined Greenleaf 's Algebras, Geometry, and Trigonometry of the New Comprehensive 
Series, and find they are admirably adapted to the purpose for which they are designed. Clear, 
sufficiently concise, and printed in excellent taste, they can hardly be surpassed as introductory 
text-bodks. Greenleaf *s New Higher Algebra has long been a popular text-book in this college." 



From J. D. Runklb, f$cw Presidgnt of Massachusetts Institute 0/ Technology^ Boston.— 
*' The greatest care has evidently been taken with the style of the Geometry. After a careful 
search we have not been able to find one expression which we felt sure could be improved.*' 



From Sbldrn J. Coffin, Adjunct Professor of Maihematicsy Lafayette College, Pa, — 
" Greenleaf's New Higher Algebra, by its judicious arrangement and the practical nature of its ex- 
amples, commends itself to the favor of teachers. The work excels in the mode of presenting the 
general theory of Equations ; and the sections on Variation, Useful Formulas, and the chapter on 
Radical Quantities are of great practical value." 



From E. J. Thompson, Professor of Mathematics, University of Minnesota.— ^^ I have exam- 
ined Greenleaf's Trigonometry, and like it well. I am pleased with its systematic and logical 
treatment of the subject, and also with the practical work it introduces to the student. I shall use 
it in my future classes." 
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PARKE ITS KXERCISSS JN COMPOSITION, 



FASEEB'S EXEBOISES IN OOMFOSITIOSr: 

REVISED AND ENLARGED. 

By JAMES H. HAMILTON, M. D. 
▲ OOKFUSTE COXJB8E IN ONS BOOK. 



The attention of Teachers b specially invited to the improvements con- 
tained in the present edition of this usefal Manual, which has been a great 
favorite in the School Room for so many years. It now appears in a new and 
more attractive dress, and in a form to render it more usefuL 

It is believed that " Parker's Exercises," in its revised and enlarged form, 
will prove a useful auxiliary in teaching Composition and Rhetoric, for the fol - 
lowing reasons : — 

1. The work is progressive^ commencing with very easy and simple exer- 
cises, and concluding with the general principles of Rhetoric, — thus comprising 
a complete course in one book. 

2. Capitals and Punctuation are clearly and fully treated where they should 
be, in the body of the work, and not in a brief appendix. 

3. The whole work is divided into four distinct parts, presenting in order 
the different departments of Composition ; as words, sentences, discourse, etc. 

4. A Chapter of Miscellaneous^ Exercises is given as a general Review of 
all the Lessons. 

5. The exercises in this volume have stood the test of the School Room. 
Most of the original exercises have been retained, and a number of new ones 
added to render the work more complete. 

This work has been approved for, and is now used in some of the most im- 
portant schools of New York City, Boston, Worcester, Lowell, Providence, New 
Haven, etc., and in the public or private schools of many other important 
places in different States. 
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PARKER'S EXERCISES IN COMPOSITION. 



V<r'AP^ IS SAID OF IT. 



From Rev. Edward Cookb, D. D., laie Principal of WesUyan Academy^ IVUbraham^ 
^a«.— " We have used Parker's Progressive Exercises in English Composition, in the institution 
tiie past jrear and are well pleased with the work. It possesses the advantage of presenting just 
what the pupil needs to learn, and in the briefest possible manner. I know of no similar work 
which answers our wants so well ; " mtdium inparvo^* is practically realized in it" 



From Prof. F. A. Allen, UmU Prittcipal of State Nortnal School^ Pa.'-** I am glad to see 
this new little gem of a book, Parker's Progressive Exercises in Composition. Many thanks to 
Mr. Hamilton for revising this best of old standard works. We like the book and its division into 
four parts. Success to it. 

From Prof. Alexander Winchell, LL.D., ^ University of Michigan,— ** 1 always 
liked Parker's Exercises in English Compontion^ and I like still more the revised and enlarged 
edition. My tastes, no less than occasional occupations, have led me to become acquainted with 
works of this class, and I do not express a recently formed opinion, when I say that Parker's Ex- 
ercises has always had my highest approval. The writing of compositions becomes here an 
amusement It is generally the dreaded drudgery of the school. 

" This work begins at the level of the lowest capacity^ and floats him along without his con' 
scioust$esSt certainly without a wearisome effort^ to the mastery if a finished style, I presume it 
was intended for preparatory schools : but I am sure a Freshman in college could have no better 
rhetorical drill than to begin with the first lesson and faithfully follow on to the last Small as the 
book is, unpretending as it is, it teaches exactly those things in which my experience informs me 
that even college students are very apt to be sadly deficient." 



From Joseph Hall, A. M., Principal of Public High School, Hartford^ C/.— " We continue 
to use the revised edition of Parker's Exercises in English Composition, with constant and uniform 
success. I consider it to be by faf the best work of the kind that I have ever seen." 



From J. P. Sherman, A. M., President Pennsylvania Female College. — " I have used 
Parker's Exercises in English Composition, and havp found it to be an excellent work, and one in 
which the young take great interest 

"The new enlarged edition is much improved, and will doubtless have a large circulation." 



From H. Dams, Principal of High School, Bangor^ Ms. — " It gives me pleasure to state 
that Parker's Exercises in Composition has been in use in our High School during the past three 
years, to our entire satisfaction. I know of no work so admirably adapted to give the younger 
classes in a High School that training in the Art of English Composition, so essential to a good 
education, and yet, unfortunately, so often neglected, or crowded out by other studies. The prin- 
ciples are stated with clearness and conciseness, the exercises for practice are numerous and varied, 
amd cover sufficient ground to occupy pupils, from two to three years ; indeed, with proper teach- 
ing, it may be made to take the place of a regular text*book in Rhetoric I can fully endorse it as 
a school-book leaving nothing to be desired." 
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PARKER'S EXERCISES IX COMPOSITION. 



From E. O. Hovby, A. M., Prmcipalof High School^ Newark^ N, 7.—" Many thanks for 
Parker's Exerdses in English Composition, revised by Hamilton. Parker's Exercises was always 
a good book, but it is now the English Composition /or excelUnc*.''* 



From Edwin Davenport, A. M., St. Jokn^s School, Sing Sing, N. K.— "I have liad occa- 
sion to admire in Parker's Exercises in English Composition, as revised by Dr. Hamilton, the 
completeness and 'the system of tlie work. Full as it certainly is, in every matter pertaining to 
the important Art of Composition, it is as iar as possible from being an undigested nuus of gram- 
matical, rhetorical, and miscellaneous information. By a careful method the student is led to a 
practical acquaintance with all the requirements of correct expression even down to those last 
minutiae of advice, which many a practical writer would find of no small service. The system of 
thohooht m 0$ arran gtt m tn i^ divi*iom*,judieiom»fMllnestt^iIlHHraiion, and exam^*/or ^rac- 
iieot Itaiwt nothing to be dtsirgd. 

"The topic of Punctuation is treated in a particularly sensible way. 

** Tlie work is excellently adapted to pupils passing through the last three or four years of our 
schools. No other is so comprehensive and thorough." 



THE QUESTION OF EXPENSE. 

How great is the cost of time to the learner by the use of badly constructed 
text-books, or such as are behind the time. Since time is money, it may often be 
positive economy to adopt improved text-books. Labor-saving tools are as 
much a necessity in the school-room as elsewhere. A cost of a change at intro- 
duction rates, is hardly more than nominal. 

The old book in use, when worn out would have to be replaced at full retail 
price. The introduced book can be had for first supply at two-thirds of the 
retail price, and if the one in use is surrendered, at half-price. 

The question, then, of expense is readily answered. Books are the tools of 
the school-room, and you cannot afford to be without the best 



School Boards and Teachers^ 

are invited to correspond freely with us. 

All of our educational publications are of a standard character, and will be 
supplied {ox Jirsi introduction at two-thirds retail prices. Or, when a correspond- 
ing old book in use is exchanged, at one-half of the retail price. 
Address 

ROBERT S. DAVIS & CO., Publishers, BOSTON, 

OR THEIR INTRODUOINa AaENTS: 

OIiILtA.Nr>0 3LJBA.CII, 

142 and 144 Grand Street, New Xwrk-. 

Office at Brown 4k OroBS' Hook'-^torej Sartford, 

Who Will supply Committees and Teachers on Favorable Terms. 
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GREENLEAF'S 
NEW PRIMARY ARITHMETIC, 

104 pp. Price 25 Cents. 



This new work excels all other First Lessons in numbers; 
1. In the interesting ^nd attracdve nature of ihe exercises. 




2. In the judicious use of pictorial illtistratians. 

3. In the practical methods of teaching the tables of addition 
Bul»traction, &c. 




4. In the fflmplicity of the inductive processes, 

5. In the number and beauty of its pictorial illustrations ^ which 
especially adapt it to the popular Object Method of instruction. 

6. In containing a sufficient number of easy Slate Exercises for 
Quers. 

7. In ordering call foi Greenhaf*s Neio Primary Arithmetic. 
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OREENLEAF'S 



NEW ELEMENTARY MITHKHETIC, 

▲V BAST» ooMFmBDonrrB oovmn cm 
JTAIm AVD WBITTEN EZXBCUOBBt 
Vpmm ike Proimethe PUm^far Be ptu un. 

208 pp. 16mo. Price 45 cents. 




fS^Tbisnew woik has been prepared ezpreealy to profride fbf 
new edacatUmal demands. It excels: — 
1. In being thocoogbly inducHve, anaiifUet and praeHcaU 




2. In comUning menial and wrUten exercises, and in applying 
the same forms of analysis to both. 

d. In comprehending the essentials of arithmetic, — the 
t\indamerUal Buk$j Fructians^ Analysis^ Percentage, and SimpU 
Inlerest, Metric System of WeigkU andMeasuree^ etc 

4. In especial adaptation to the want of pupils whose limited 
opportonities require that they should learn much in the shortest 
possible time. 
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^^Thie Jwik i$ complete in iUeHf, and, being d^eap and 
tcnnpreheneive, is, pre^^minenUy, 

A BOOK VOB THB TIMES. 
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, GREENLEAF'S 

N(BW Praetteal Aritlniette; 

AN KNTIRKLY NEW WORK, 

FOB SCHOOLS Am) SEmS ABIES. 

XSflpeolal wlCwntioii is ixKvitacI to it« maiiy 

9ZSTDISUISBINS OBASACTIBISTIOS. 

1. ThiB prominence given to the Ehuhgiation of OxnxEAi 
PuioiPLBS, (pp. 18, 18, 26, 85, 44, etc.) 

2. ThesimpUandckartreoanienioflSmiLTiixxai^ 

8. The early introduetian of the Dkcdcal Ponrr, (pp. 15, 16,) 
Md the explanaHon of the valves esBpreseed hy fgures o^ Uu 
Tight of the pointy (p. 52.) 

4. ExcHV^OB of ComHoditibs, Bills and Intoicbs, Aooomrrs, 
Lbdgkb Columns, (pp. 72, 78,) and varitma useful applieaUtms^ 
(pp. 142, 178, 186, 187, 202, 268, 212, etc.) 

5. The discussion of Faotobino before Multiplication bj 
Factors, (p. 88,) or Division by Factors, (p. 84.) 

6. 7^ simplijlcatian of DnnsiON of Common liraetkms, 
(p. 117,) and of Division of Decimals, (p. 189.) 

7. The introduction of Compound Dknominatb Numbbbs 
(p. 162,) itfter IVactianSf so as to afvoid at least eight special rvles 
in Reduction, Addition, and Subtraction of Denominate Numbers. 

8. The Mbtbio Stbtbm of Weights and Mbasubbs is in Us 
proper place, in the body of the work, (p. 155,) ofid referemeet 
made to the same in subsequent parts of the book, (pp. 164, 166, 
170, 187, 247, 288, etc.,) as urged by Fbof. Nbwton, of TaU 
College, Pbbsidbnt Hill, of Harwrd UniversOy, PbOF. Hbnbt, 
of Smithsonian Institute, PbOF. Bogebs, of University oj 
AfifMyfeantd, Changbllob Chauvbnbt, of Washington University, 
St. Louis, and others. 
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9. The difirmU ea$e$ or jNt>N0fiu M Sqiflb LrrxuBn an 
IrsaM in ordariy eemnection (pp. 205, 211, 212.) 

10. Thk imfpnn^A meAod of tmOing Mbdial FtoPOBTiCH. 
(p. 298,) and the definite illostration of EyoLimoN, (pp. 276, 277.) 

11. Th€pft9enMionofim^porianl%&m 

IIU CsMTAL (p. 158,) GtoTXBinmT bmsBsr, (pp. 205, 210,) ; Ez 
unples of IxTKBEST AT 7^ P^ ^^^* (PP« 206, 216,) ; Annual 
Interest, (p. 219,) ; Nnw YmMoiiT Ihtsbist Bulb, Xntebnal Bbtb 
■UB, (p. 252,) ; Eboush Dbcixal Mobbt Rbckokino, (p. 258,) ele 

12. The Ofooidmg of off that is Obsoletb, or Extbabboci, 
Of Beer JfeoMire, the Barley Com, the NaU^ (Hd Cfurreneiee, 
Duod eei ma li t PermtUaiUme^ OombinaHane^ etc. 

18. The Abalttioal FtoCBSflBS Aron^o^U, making wr&ien^ 
ArUhmeHe in aU iU eUp$ inteOectualj never h^ore to the same 
extent attained in amy work. 

14. The thorough et^foroement of educational remtta, by meam 
of eystematie Bbyibw Qubstiobb arkd EzBBonBs, (pp. 82, 54, 58, 
122, 186, etc.) 

TDiE SAvnra akd labor savikg. 

It will be noted that this work with Obkbblbav^s Nbw FancABr. 
and Nbw Elbmbmtabt, or Nbw Imtbllbotual Abethmbtics, forma 
a dear, practical^ oomprehensiye system, 

COICFLETE Hr ONLY THREE BOOZS^ 

and is beUered to be, the cheapeet^ moat cowvenient andprodiieftat, 
that has ever nppened. 

By ita use, in conqNirison with certain crude, overtoadedy and 
kmg epun out ooorses, of five or more books, with sndi eatoh 
P0nny aooompaniments, as Table Books, Dictation Cards, Books 
^ /Vine^ptea, Keys of Anmoers, Orammar School Editions, eto^ 
it is safe to say that the learner may not only make better progress, 
bat, at least, 

SATE TWO 7EABS OF VALUABLE TQIE. 
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